The order of non-ordinary points under a blow-up

Tomoaki Shirato

Abstract : Let 7 : X — C be a relatively minimal genus one fibration and assume that R'm, O x
is locally free. Let b : X — X be a blow-up at a smooth point z € 7~ (y). We will show that
the order of non-ordinary point y € C is equal to the length of the higher direct image of the
cokernel of the relative Frobenius morphism of 7w o b at y.
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1. Introduction

Let p be a prime number. The Hasse invariant is one of the most fundamental invariant of elliptic
curves in characteristic p. This invariant is defined by the number of p-torsion points and has only 0 or
1. An elliptic curve F with the Hasse invariant 0 is called supersingular, otherwise ordinary. There
are several characterizations of the Hasse invariant (cf. [5, Chapter V, Section 3]. Especially we
want to mention that this invariant can be also defined by the Frobenius action Fj, : H'(E, Op) —
HY(E,Og) (cf. [3, Chapter IV, Section 4]).

Motivated by the importance of the Hasse invariant, we will study an invariant of families of
elliptic curves which is called the non-ordinary points and their order in this note. These notions was
firstly defined by [4]. In particular, we will study these notions in genus one fibrations 7 : X — C.

Let us recall these definitions briefly. Let 7 : X — C be a relatively minimal genus one fibration
without wild fibers (See Definition 2.6), and Fo : C — C the absolute Frobenius morphism. The
fiber product X ®) := X x (Fe.m) C induces the relative Frobenius morphism Fy o : X — X () and
the projection X (?) — (' is denoted by 7). If we take the higher direct image of 7(P), we have a co-

herent sheaf lefﬁp)B:)Eﬁp)/C, where Biﬁp)/c is the cokernel of ngc 1 Oxw — (Fx/c)«Ox. Ifthis

is a nonzero torsion sheaf, we define a non-ordinary point as a closed point in Supp(R! 7T£p ) Bi((p) / C)
1

and the order of non-ordinary points as the length of O¢ ,-module (le(kp 'B X)) C)y at non-ordinary
pointy € C.

In this note, we are interested in how the order of non-ordinary points changes under a blow-up
at a smooth point b : X — X. That is, our main result is as follows.

Main Theorem 1.1. (=Corollary 3.5) Let 7 : X — C be a relatively minimal genus one fibration and

assume that R'7,Ox is locally fiee and leff’) Bi((p)/c is a nonzero torsion sheaf. Let b : X5 X

be a blow-up at a smooth point x € F, C X where F, := n~1(y) is the fiber of © at non-ordinary
pointy € C. Then lengthy, , (RY(n®) o b)), BL )y is equal to the order of non-ordinary point

1 xwm/c
yeC.

This note is organized as follows. We prepare some notations and definitions in Section 2. Es-
pecially we define non-ordinary points and their order in this section. In Section 3, we claim some
lemmas to prove our result in Theorem 3.4. Finally, we state our main theorem as a corollary of
Theorem 3.4.
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2. Preliminaries

Throughout this note, p is a prime number greater than 3. A field k is algebraically closed of
characteristic p and variety means irreducible, reduced, separated and of finite type scheme over
k. We define a curve or surface as a one or two-dimensional variety respectively. A scheme X is
called k-scheme if X has a structure morphism X — Speck and a morphism f : X — Y is called
k-morphism if f is compatible with the structure morphisms X and Y.

In this section, we will review some basic definitions and notions which we treat repeatedly.

Definition 2.1. Let X be a scheme over k. The absolute Frobenius morphism
Fy: X —- X
is the identity map on the underlying topological space X and the morphism between sheaves
Fi%:0x — (Fx).Ox
fo=fP
is defined by its p-th powers.
Remark 2.2. The absolute Frobenius morphism is not a k-morphism in general.

Let X and Y be k-schemes. If we have a following commutative diagram;

x5 x

Y —=Y,
Fy

taking fiber product X () := X X(Fyx) Y, the relative Frobenius morphism is defined by the fol-
lowing.

Definition 2.3. Let 7 : X — Y be a morphism between k-schemes. The relative Frobenius mor-
phism Fxy : X — X ® .= X X(Fyx) Y is the universal morphism of the following diagram;

X Fx X
\Ff/y /
W/Y

x ) -

v
Yy F

Y

)

where 7(P) : X®) - Y and W : X(®) — X are projections respectively.

Genus one fibrations play central roles in this note. These are called sometimes elliptic fibrations.
However in this note, we do not care about sections of these fibrations. We recall some definitions
and their fibers briefly. We list [1, Section 7] as a reference.

Definition 2.4. Let X be a smooth projective surface over k and C' a smooth projective curve over k.
A surjective morphism 7 : X — C' is called a genus one fibration if the following conditions satisfy;
(1) 7.0x = Oc,
(i1) The general fibers of 7 are a smooth curves of genus one.

Moreover a genus one fibration 7 : X — C' is called relatively minimal if every fiber has no
(—1)-curves.
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Remark 2.5. Since C'is a one-dimensional smooth scheme, the surjectivity of 7 implies the flatness
of 7 and the connectedness of the fibers is followed by the condition (i) [3, Chapter III, Corollary
11.3].

Let 7 : X — C be a relatively minimal genus one fibration and F, a fiber of 7 at a closed
point y € C. Since the base curve C' is a smooth curve, the coherent sheaf R7,0x decomposes as
follows;

R17T*OX =T,

where & is the locally free part and 7 is the torsion part of R!7,Ox respectively. By the base change
theorem, there is an isomorphism

R'm,Ox @ k(y) = H'(Fy, OF,),

where k(y) is the residue field at y € C. Since the genus of the general fiber is one, £ is a line bundle
L.

Definition 2.6. A fiber F) is called wild if y € SuppT . If the fiber is not wild, it is called tame.
Remark 2.7. There are some examples of wild fibers in low characteristic in [2].

Let 7 : X — C be a relatively minimal genus one fibration and assume that £ := R!7,Ox is

locally free. Let Bi((P) Ve, be the cokernel of the relative Frobenius morphism of 7. Taking the higher

direct image of 7(P) there is an exact sequence;

F*
R'7P 0 =5 R (Fy o). Ox) = R'7P Bl 0 = 0. (1)

,Ep o () is isomorphic to F},L = L% by flat base extension

Since F( is a flat morphism, R'm
[3, Chapter III, Proposition 9.3]. Since Fx,¢ is a finite morphism, Rzl )((F x/0)«Ox) is also
isomorphic to R'7,Ox by the Leray spectral sequence. Thus, we can regard the map Fy e in the
exact sequence (1) as the global section of £L&(1-P),

Let y € C be a closed point and k(y) the residue field at y. The above exact sequence (1) also
induces the following;

X ) o®idiy)
—~ 5

R (Fx0)«Ox) @ k(y) — R-aPBL o © k(y) = 0,

R'a” Oy @ k(y) X@ /o

By the base change theorem, this is equivalent to the following;

Fr
HY(FP,0) —* H'(Fy, OF,) = Rl By, o @ ky) = 0,

where the map F;;y is the Frobenius action of the fiber F, := w1 (y). This Frobenius action F}y is
the map between one-dimensional vector spaces over k(y). Since the dimension of the vector space

Rlﬂip)B}ﬁp)/c ® k(y) is at most one, Rlﬂ*(*p)Bi((P)/C
(P) g1

If it is a line bundle, then by the surjectivity of line bundles, R, X /o

is a line bundle or torsion sheaf.

is isomorphic to L.
Thus, F5 e is zero map and FY, is also zero for all closed points y € C.

If R 7T£p ) B;. oy is a torsion sheaf, we have a notion of non-ordinary points as follows.

Definition 2.8. [4, Definition 4.1] Let 7 : X — C be a relatively minimal genus one fibration and

assume that R'7, Oy is locally free and R'7'” )B}m) /¢ Is a torsion sheaf. A closed pointy € C'is

! ). The order of non-ordinary point is defined

X (p) /C
)y as Oc¢y-module.

called non-ordinary point if y € Supp(Rlﬂip 'B

by the length of (le(‘p) B}(@) e

_59_



FHIESFEMERMERRSE F125 FH8FIA

Remark 2.9. Suppose that le(kp ) B}((p) e

nonzero map between line bundles on a smooth curve C, this is injective. Thus we have the following
exact sequence;

is nonzero torsion sheaf. Since F'y /c LEP - Lisa

F*
0— L5 =5 £ R'r B, o = 0. )

Note that the degree of a torsion sheaf 7 on a smooth projective curve is defined by deg7 =
>_sec lengthy, (7z). In our exact sequence (2), deg(Rlﬂﬁp)Bk(p)/C) is equal to (1 — p) - degl

by [3, Chapter II, Exercise 6.12].

3. Main result

Let 7 : X — C be a relatively minimal genus one fibration and assume that £ := R!7,Ox is
locally free and RigP )B}((m /0
non-ordinary points. We are interested in how this order changes under blow-ups. To state our result
more precisely, we prepare some notations.

Leth: X — X be a blow-up at a smooth closed point = € F, C X where F} is the fiber of
at a closed point y € C. The base change of Xandwob by Fe is denoted by X®) and (70 b)®
respectively. Let W:X® - X be the projection. By the universality of fiber products, there is the
morphism »® : X — X#) Thus (m o b)®) = 7(P) o b(P) a5 follows;

is a torsion sheaf. In the previous section, we defined the order of

X ®) W X
/!
/ \Lb(p) b

(ﬂob)(p){ xm W x

\ l,r@) lw
N F

c—C-C.

Lemma 3.1. The higher direct image sheaf R*(m o b)«Ox is isomorphic to L = R'7,.Ox and
RY (7o b)gﬂp)(’)i(p) is isomorphic to LP.
Proof. This is due to the Leray spectral sequence. Let E3* be Oc-modules R' . (R*0.O) (r,s €

Z>o) and E™** be O¢-modules R™**(m 0 b),.O. By the Leray spectral sequence E;° = E"*,
there is the exact sequence;

0= R'm(b,0x) = R' (7 0b),05 — m(R'0,0%).

Since b is a blow-up at a smooth point, R'b,O < iszero and b.O ¢ = Ox [3, Chapter IV, Proposition
3.4]. RY(mo b)«O5 is isomorphic to le*(b*(’);() ~ Rlp,Ox = L.
Since F is flat, by flat base extension, we have the following isomorphisms;
Ri(robt)P0s, = RYmob)PW*0g
>~ FALRY(mo )05
FiR'7, Oy
L2P.

1%
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Lemma 3.2. Let y' € C be a closed point which is not y. Then there is an isomorphism of Oc -
modules

(Rlﬂﬁp) (bgﬂp)BL

X(p)/c))y’ = (Rl (71(17) o b(P))*BL

X () /C))y/
where B}((p)/c is the cokernel Ong?/c 10zw = (Fg)0):Ox.
Proof. We have an injective map by the Leray spectral sequence as follows;

— P R1P) BL

() (3 (P)
0— R'm” (b B% @ /c X®/c

X(P)/C) - Rl(ﬂ-(p) © b(p))*Bi}

— 0.

Thus, it is enough to show that (m(kp JR1pP) B}? e

Taking an affine open neighbourhood U = SpecA of 3’ not containing y, we may assume that
C is SpecA. U’ and U” denote 7~ (U) and b1 (U") respectively. By the definition of higher direct
image, we have the following;

)y s zero.

(w" R BY ) o= HOU RO B )
where U"" is the base change of U’ by Fy; which is the absolute Frobenius morphism of U. Since
Rlbﬁp)B}((m/C |t = R (b e )*(B}((p)/c |7t )» Where U"™ is the base change of U" by
Fy and b®) is the isomorphism on U”"”, then the sheaf RWbP )B%(p) Jo |, vanishes. The stalk
(m(‘p)Rlbip)B}((p)/C)y/ is also zero. m

Lemma 3.3. Let y' € C be a closed point as above. We have the following isomorphism of O¢. -
modules;

(le(p)(b(p)BL )y = (Rlﬂ.(p)Bl )y

« O BPxw o)y = * Pxw o)y

Proof. Taking an affine open neighbourhood of 4’ € C' in the previous lemma similarly, it is enough

to show that the isomorphism on U = SpecA. The sheaf le,(f’ )(b£p ) Bi?(m y C) can be described as
follows;
~ ® ~
Rl”’(‘p)(bip)lgi?(p)/c) lv= HY (U™ 755«1))8;?(1))/0 o) - )

Since Fy /¢ and F'; Jc are defined as the universal morphisms, we have the following commutative
diagram;

T Xesm W %
b lb(m lb
X x®) X.

This diagram induces a morphism between exact sequences as follows;

1
BX(P)/C

— =0

0——=0Oxw (Fx/c)+«Ox

D

0= b 05 —= b ((Fy ). O5) —= b BL

13,(P) 1y _
X(p)/CHR 070

xX®)-
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. (p) . .
If we consider these exact sequences on U’ ', then the second row is a short exact sequence. « is
. . (p) . . . . (p) . . .
an isomorphism on U’ since b(®) is the isomorphism on U”"". Moreover 3 is also an isomorphism

since b0 = Ox. Therefore o and 3 induce a morphism 7 : B, Jo |y = bP )B;((p) P | oo

and +y is an isomorphism on U’ ® So by (3),

. N »)
H'(U"™, b(p)Bic(p)/c o) = HU By e )

11

Rl 7_[_*])) BX(p} Jc | U

Theorem 3.4. Let m : X — C be a relatively minimal genus one fibration and assume that L :=

R7,Ox is locally free and Rlﬂ(p)l’j’ﬁ((p)/c is a nonzero torsion sheaf. Let I, be a closed fiber of m

aty € C and x a closed point in F,;, C X. Suppose that b : X > Xisa blow-up at x € X. Then

the length of R*(=P) o b(P)), B}((M/C at y is equal to that oleﬂ'ff))Bl

X /o at y.

Proof. By the definition of cokernels BL and B! we have two short exact sequences;

X /c xXw/ce
0= 0%w = (Fg,0)-0% —>BX(p)/C—>O 4)
and
0= Oxw — (Fx/c)«Ox — BX(,,)/C — 0. %)

Taking the higher direct image of =) to (5), we have the following exact sequence;

0— lei”)(’) ®» — Rlﬂ'(p)((FX/c)*Ox) — Rl (v )B — 0.

X(p)/c

This exact sequence is equivalent to the following;

0— L® £ — RIzPpBL — 0.

xX®/c

So the degree of Rlﬂ'(p)Bi((p)/C s (1 — p)degL by Remark 2.9.

On the other hand, taking the higher direct image of 7(") 0 b(?) to (4), we have the following exact
sequence;

Fx
R'(x® o b(p))*@)~(<p> x/C — RY(x®) o b)), ((F

%,0):0%) = RY(r® o b)) BL | — 06)

X®)/C
Let 4/ € C be a closed point which is not y € C. By the base change theorem, the above exact
sequence is as follows;

*

F
(9~<p>) N HY(F, O~) — RY(x®) o b)), BL @ k(y') = 0,

N(p)
( Y X /c

H!

where 1:: is the fiber of m o b at ¢ € C and k(y') is the residue field at ¢/. Since 3/ is distinct from

y € C, the fiber F is isomorphic to Fy, where F} is the fiber of 7 at 3’ € C. Thus there exists a
closed point ¢’ € C’ such that F/Fv 1s nonzero. Moreover by Lemma 3.1 the above exact sequence

!

(6) is equivalent to the following short exact sequence;

x/o

0— L% 25 £ RY(x® op®)),BL, 0.

X /c
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Therefore degR! (7)o b)), B}( ® /0 is (1 — p)degL. By Remark 2.9, the degree of torsion sheaves
are following;
degRlﬂ'ﬁp)BX(p)/C length,,, | (R! )BX(p)/C + z lengthe, ( s )BX(p)/C)
y'eC
y'#y
and
degR' (v 0 b)), BY. e length,, (R'(x") 0 b)), B | ol
+ Z lengthy , ( y R'(x®) o p®), BL e )/C)
y'eC ,
y'#y

By Lemma 3.2 and Lemma 3.3, it follows that

(R (=) 0 p®),BL ~ (R7 B!

X0 /0 X o)y

for 3/ # y. This implies the following equation;

lengthoc’y(Rl(w(p) o b)), BL 0 >/C) lengthoay(Rlﬂ,(ﬁp)l’a’}((p)/c)y

From Theorem 3.4, we have the following statement as a corollary.

Corollary 3.5. Let y € C be a non-ordinary point in Theorem 3.4. Then the length of R*(n(®) o
b)), B)?< e at y is equal to the order of non-ordinary point y € C.

Proof. This is directly followed by Theorem 3.4. O
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