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Flat and projective properties in a torsion theory

By Hisao KATAyAMA＊

                                        Abstract

  In this paper we study the concepts of F-flatness and F・・projectivity of modules， the latter is a dual

of F-injectivity in O.  Goldman (6).  We also study the existence of F-flat covers and F-projective covers. 

   1.  lntroduetiQn.  Let R be an associative ring with jdentity， and all modules are assumed to be

unitary.  We fix a hereditary torsion theory (ES，警) for the category REM of left R-modules (see Dickson

(4)).  For each M E Rswt there exists a unique submodule Mt E M such that M/！Mt E ty''.  lt is well

known that with S can be associated an idempotent topologizing filter F(％) ＝｛1［ R 1 1 is a left ideal

of R and RII E％｝. 

 Let(＊):0→Mノ→M？M''→Obe an exact sequence of left R-modules.  Recall that a left R-module

e is F-injective if， for every exact sequence (＊) with M'' E S， the associated sequence O 一〉 HomR(M''，

Q) 一〉 HomR(M， e) 一〉 HomR(M'， C) .  O is exact.  Dually， a left R-module P is F-prol'ective if， for every

exact sequence (＊) with M' E g， the associated sequence O 一〉 HomR(P， M') 一〉 HomR(P， M) 一〉 HomR(P，

M'') 一＞O is exact.  A right R-module B is F-flat if， for every exact sequence ('') with M'' (，' :，， the

associated sequence O→・B⑭Rル1！→B⑭Rルt→B⑭RM''→O is exact. 

 We can formulate several characterizations of F-flat modules.  We give some conditions that every

IE F(％) is F-projective.  We also study the existence of F-flat covers and F-projective covers.  Most of

our methods are elementary， being modeled after standard techniques of Rotman (7). 

 The author wishes to thank Professor Y.  Kurata for his helpful remarks jn the preparation of thjs

paper. 

   2.  F-flats.  Forra right R-module B， we shall denote by B' jts character module Homz(B，

e/Z)， where e/Z is the rationals mod one.  Then a sequence of right R-modules U一一〉 V一〉 va is exact

if and only if the sequence of character modules W＊一〉 V＊一〉 U＊ is exact.  For any pair of modules

(RA， BR)， there is a natural isomorphism'(B CigRA)de ＝一 HomR(A， B＊).  Using these facts we obtain

the following propositions. 

   Proposition 2.  1.  A rjght R-modute B is F-flat if and only if its character module B＊ is F-inl'ective. 

   Proposition 2.  2.  A right R-module B is R-flat if and on！y if， for every 1 E F(S)， the sequence

O 一〉 BopRI 一IQte＞Z B(［DRR is exact (where 1 4R is inclusion). 

   (Note that the］ast condition is:equivalent to say that B⑭E1≡≧別canonically for every 1∈F(定)). 

   Proposition 2.  3.  Let O一＞K一＞L一＞B一＞O is an exact sequence of right R-modules， where L is F-

」伍コ！'・  1「hen  」B is F一ノ7ヒzt るr a〃d「 on(〕レ ヴ 1ζ＝ ∩ 1二1＝ 1(1 ノ'or・ eyerア  1∈ 」F(竃). 

  Each proof is omitted because it is essentially the same as was shown in Rotinan (7)， p 58-60. 

   Proposition 2.  4.  The following statements are equivalent for a right R-module B. 

    (i) B is F-flat. 

    (ii) Every exact sequence of right R-modules O o G 一g＞ H 4 B-O， tensoring by every M E ‘一''一， gives

   ＊ Department of Mathematics. ， Ube Technical College



  2                    Hisao KATAYAMA

・〃…α〃・∬・プ0一→σ⑭。MSX'＞H⑭。M學β⑭。M一→0. 

  (」ii)There・・xi・t・・a〃exa・t seque〃。θ・f right R・m・ゴ〃1・・0＞Gσ＞H⊥＞B＞0(where田、 F. 

ル')伽乃励…th・・ex・・t〃・∬・！0→G⑭。M＃x1 H⑭。M學β⑭。M一→0伽，昭rア。ア。1'。 M∈S. 

P…f. (・f. B・u・b・ki〔3〕)(i)一⇒(ii). T。ke an，xact，eq。，nce O＞K'＞F＿e＞M＞Owh，，e F

is free.  Then we have a commutative diagram

                                                  O

                                   ，⑭1  ，⑭1↓

                             σ⑭RK→H⑭                                               ＞B⑭Eκ                                          RK

                            ・⑭・↓                                      1⑭・↓                                                1⑭・↓

                                   ρ⑭1                                             σ⑭1
                         0→σ⑭RF→H⑭RF一→B⑭RF
                                      ・⑭・↓                            ・⑭・↓

                             G⑭。M4x'，El⑭。M

                               ↓

                               O

in which all columns and the first two rows are exact.  Diagram chasing shows that the mapσ⑭IM is

a monomorphism 6

    (ii)＝⇒(iii).  We observe that any free H w川do. 

    (iii)一⇒(i).  F。， every 1∈F(£)， th，、eq。，nce O＞1！＞R p＞M＞0， wh，，e M-R/ろi、

exact.  So we have a commutative diagram

                                                    O

                                                     l

                                               1⑭P  ・↓・                                     1⑩
                                o⑭R1 ＞G Q. R→σ⑭RM
                               ・⑭1↓ ・⑭1↓                                                  ・⑭1↓

                                     1⑩                                               1⑭P
                          O ＞H⑭RI一→H⑭RR                                                 ＞H⑭RM

                               ・⑭1↓ 吼

                                     1⑭i
                                       ＞・B⑭RR                               B⑭R∬

                                  1

                                 ヴ
                                 O

in whjch all columns and the flrst two rows are exact.  Didgram chasing shows that the map 1β⑭'is

amonomorphism.  By Proposjtion 2. 2， B is F・一flat.    ，

                                         
 An exact sequence of rlght R-modules O一→G  ＞His ca11ed F・・pure if， for every M∈EIS， the associ。

                        σ⑭1                                 .       ，
                                          One also says thatσ(σ) 1s FLpure ln H. ated sequence O一⇒C(×)Rルt                          ＞∬⑭                               1～ルIis exact. 

   C・r・1夏ary 2・5・L・t H b・・right R-m・d〃1・a・d G・・〃bm・d〃le・1〃ησ'・F一伽・'乃甜ん・・equ・…

0 ＞σ ＞H'sF-pure.  The converse holds if H is F-flat. 

   Asubmodule K of a rlght R-module B is caned F-imput・θin B， if K≠」B and K contains no F・・pure

submodule of B other than O.  An F・ノ'lat cover of a non-zero. right R-module E is an exact sequence of

right R-modules O・一→1( 〉、B ＞E  ＞Ofor which(i)Bis」F-flat and(ii)1(is F-impure量nβ. 

   Proposition 2. 6.   7ソ｝eノ∂〃。｝v'〃9 sta'ements are eq〃'yo1θ〃'ノヒ)r an exact sequρ〃ce o］ズr'9乃' R-mod〃les

        オ     ム

0 ＞K ＞B一＞E ＞Owhere . E≠Oa〃d 8 is F-fla'. 

    (1)It is an F一ノ'lat covero∫E. 

                                     フ      む
    (i孟)〃. 〃加∫aノ'actorization〃＝wy:B ＞C一→Ewhere C'5 F・・ノ如'and w'5 an epimorphism， then

w〃τUSt be a〃isomorphis〃1. 
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   Proof.  This is a consequence of Corollary 2. 5. 

   Theorem 2.  7.  Every non-zero right R-module has an F-ftat cover. 

   Proof.  Take an exact sequence O-K一〉 B一〉 E一〉 O where B is free.  By Zorn's lemma， we

have a maximal submodule P of K such that P is F-pure in B.  By Corollary 2.  5， B/P is Fd・flat.  lt

suffices to prove that K/P is F-impure in B/P.  Suppose K has a submodule H such that H contains P

properly and H/P is F-pure in B/P.  For any M E S， we have a commutative diagram (where all of the

maps are the obvious ones) . 

                            P (×sy)RM 一〉 H (29. M一一一一一〉 H/P (g)RM

                              S  S   J

                            P XRM 一〉 B (g)RM 一〉 B/P opRM

Diagram chasing shows that H opRM一＞BCigR M js a monomorphjsm.  Therefore H is F-pure in B. 

By the maximality of P， P＝ H， a contradiction. 

    3. F-projectives.  In this section an modules wi11 mean left R-modules. 

    Lemma 3. 1.  ノ1 module P is F・・pro/ective if and onlyゲθレ8ηdiag ram
    ，

                                             P

                                        〆/↓

                          0 ＞Gノ ＞Q ＞ρ'' ＞O

where G is F-injeetive， Qノ∈肋〃4伽r・W is exact， can be C・mpleted t・aC・朋脚'α''γθ伽grαη1. 

  We shall omit the proof， which is similar to that of Ratman〔7〕， p 76. 

    Theorem 3. 2.  The fo〃owing statements are equivalent for a hereditary to・rsion'乃θory(定，9). 

     (」)Every 1∈F(s)is F-proブective. 

     (ii)1プ0→G'＞G一王＞G''＞0'・・〃θκα・'・eq〃・〃…ノm・d〃1・3…h th・t・e'・F一'。初'，。。。4

(2！∈寳，then 9''is・FLi〃ノeetive. 

                    ビ
     (iii)lf O＞P'＞P＞P''＞O is an exact seσuence・f m・dules such that P is F-pr・ゾective and

P''∈寒，then・P/is F」pro/ective. 

    Proof. (i)＝＝⇒(ii).  In order to prove that(～〃is・F-injective， we are given a homomorphism I M一〉(～〃

with 1∈F(S). By hypothesis，ハs F一・projective， so there is a homomorphjsm I 9＞Csuch thatπ9＝∫. 

Since(～is F-injective， g can be extended to a homomorphism Rん〉(～.  Thenπh has the desired property. 

    (ii)＝⇒(iii)・In order to prove P/is F・projective using Lemma 3. 1， we are given an exact se一

                                だ
quence of modules O一一＞eノー→(～ 〉ρ'' ＞0， where(2 is F・・injective and(～'∈魯， and a homo-

m・・phi・m P・f・e〃.  By hyp・・h・・i・， e〃i・F-i・jec・ive，・・f・can b，・ex・，nd，d、。 a h。m。m。，phi、m P●〉

(～''. Since P is F-projective， there is a homomorphism P ん〉(～such thatπh?'.  Then hi has the

desired property. 

    (iii)＝＝⇒(i).  Trivia】. 

   An F. pro/ective cover of a module A ls an exact sequence of modules O  ＞K  ＞P ＞A一→O

for which(1)Pis F一・projective，(ii)K∈審and(iij)1(is small in、P. 

   P・・P・・iti・・3・3(U・iq・・ne∬).  F・・ any ・w・F-pi・ノ・・'加・…ers O＞κi＞P謬＞A＿0('一

1・2)・〃・there・・xi・…an・is・m・・phi・m・P、θ＞P， sa・i・fyi・g・，・一・、. 

   P…f・Sl・・e P・i・F-P・・jec・ive・・h・・e exi…ah・m・m・・phi・m P、θ＞P2 sa・i・fyi・g・，θ・;π、. 
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Then we have P2ニIm o十Kerπ2.  Since、K2 js small in P2， P2＝Imθ.  Thusθis an epimorphism. 

Now Kerθ⊂Kerπ1， so Kerθ∈寳and Kerθis small in P1.  Since P2 is、Fprojective， there exists a

h・m・m・・phi・mP，ψ・P、wi・hθψ一1。，. Th・・P、一・mψeK・・θ. S・， by Kerθ一〇・θi・am・n・一

morphism. 

                                                           ど
   Proposition 3. 4 (cL 〔6〕Proposition 3. 3).  Let O→K一一＞P  ＞A  ＞Obe an exact sequence

of〃iodules with K∈Ei！. ザ」P is F」proノεctive， then so is！1. 

   P，。。f.  L，t、n exact、eq。，nce O一→M・→M⊥＞M・r＞O・with M・E・9・and・h・m・m・・phi・m

A ∫＞M〃be given.  Since P is F. . projective， there exists a homomorphism P一歪L＞ハ4 making the square

                                          ヨ
                                       P一一〉！｛

                                      ・↓、・↓

                           0 ＞ル1ノー→ル1一→ル1'' ＞O

commutative.  Thus g(K)⊂〃！， so g(K)∈審.  On the other hand， since K∈％， g(K)∈簿.  Therefore

し                                         ん
                                           〉ルf，and we can easily show thatδh?. g(K)・＝0. Hence g lnduces a homomorphism/望

   Theorem 3. 5 (Existence).  Let Rわθleノ～perfect.  Then every. 4∈審has an F・pro/ective coveri

   Proof.  Let O  ＞K  ＞、P π〉！望  ＞Obe a projective cover of A.  Since！4t＝0，π(P‘)＝・0. 

Thusπ・induces the exact sequence O  ＞(K十P‘)/pt一一＞P/pt  ＞A  ＞0.  By Proposition 3・4， P/P‘

is」臥projective.  Since P/・pt∈容，(K＋pt)/pt∈9.  By the condition that 1(is small in P・we observe

that(K十pt)/pt is small in P/P‘. 

   Examp】e.  Let R be a quasi-Frobenius ring but not a semi-simple Artinian， and let(③，貌)be

Goldie's torsion theory for REM.  Then， as was shown by Armendariz〔1〕， every module in Wt is injec-

tive.  Hence every module is. F一一projective， but there is a module which is not projective. 
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