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An elementary proof of some inequality
derived from the function (b* — a”)/x

Yusuke NISHIZAWA
Mitsuhiro MIYAGI

Abstract: In this article, we prove that the inequality (z + ) (a + b/2)” /x > (b**7 — a®7)/(b* — a®)
holds for 0 < v < 1,0 < 2 <1 and 0 < a < b using by elementary method.
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1. Introduction
Qi Feng et al.[1,2,3,4,5,6] studied some properties and inequalities derived from the function (b* —
a®)/z. Qi Feng et al.[3] and Z. Liu [5] proved that the inéquality

P a0 wdy oz+b>7

Nl
(0.1) b* —a* T 2

holds for y > 1, x > 1 and 0 < a < b. They [3]/showed the inequality

b Iy _ 14y
a—i—bS 1 it — b a
2 b—a (b—a)(1+7)

holds for v > 1 and 0 < a < b and the inequality

(0.2)

x<bx+'y _ ax+7) pl+r — g1t

03 (o) =) = T+ )6 a)

holds for 2z > 1, v > 0 and 0 < a < b. The above inequalities (0.2) and (0.3) are important roles to
prove the inequality (0.1) in [3]. Since the inequality (0.2) does not hold for 0 < v < 1, they [3] can
not prove that the inequality (0.1) holds for 0 <y <1lor 0 <z < 1.

In this shote note, we shall give a directly proof of the reversed inequality (0.1) for 0 < vy < 1 and
0 <z <1 in an elementary method.

Main Theorem. The inequality

x+y a—l—b>7 prEY — gT Y
> e —
x 2 b* — a®

(0.4)

holds forall 0 <y < 1,0<z<land 0 <a <b.

2. Preliminaries and proof of Main Theorem
We need the following lemmas to prove Main Theorem.

Lemma 2.1. If v >0,z >0 and 0 <t < 1, then

Accepted January 30 2015
Corresponding author is Yusuke NISHIZAWA
General Education,National Institute of Technology,Ube College, Tokiwadai 2-14-1,Ube, Yamaguchi 755-8555,Japan



42 T TS EHM AR B 615 K27 F3H

1—t7 +~4t*Int > 0.

Proof. We set

fly,t,x) =1 —t7 +~4t" 7 Int.
Since the partial derivative

0

%f(y,t,x) = 4t*(Int)* > 0,
f(v,t,x) is strictly increasing for > 0. Thus, f(v,t,z) > f(~,t,0). Since

f(4,t,0) =1—t"4+~t"Int

and the partial derivative

gt (7,t,0) = ¥t~ 1t <0,

f(v,t,0) is strictly decreasing for 0 < t < 1. Since f(v,t,0) > f(v,1,0) =0, we can get f(v,t,x) >

forally >0,z >0and 0 <t < 1.

Lemma 2.2. If y>0,0<xz < 1land 0 <t <1, then

(z+7y)A-t")  (A+7)(1-1)
z(1— o) 1— 1+

Proof. We set

(z+9)(1 —t")

f(’}/?tvx) = x(l N ter’V)

Then the partial derivative

0 _ gt
81’f(77 t? x) - (1 _ tx+,y)2x27

where
gy, t,z) =y — At — At 4 At Lt Int — 4" xInt + t*2? Int — t*T 2% Int .
Then the partial derivative

%9(% t,x) = h(y,t,z)t" Int,

where
h(vy,t,x) = —29t7 4 29t**7 4 22 — 267z + yzInt — vtz Int + 22 Int — t72% Int.
Then the partial derivatives

0
a—h('y,t,x) =227 +ylnt — " Int +2vt* 7V Int + 2xInt — 2tz Int
x

and

0
(]
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2

Wh(% t,x) =2(1 —t7 + 4" Int)Int.
x

Therefore, by Lemma 2.1, we have

32
forall ¥ > 0, 2z > 0and 0 < ¢t < 1. Thus, Oh(y,t,z)/0z is strictly decreasing for = > 0. Then we have

0 0
%h(’y,t,()) > %h('y,t,x),

;h(fy,t, 0)=2-2t"+~yInt+~t"Int
x
and

2

R t0)= (1=t +~tInt) Int.
920 (7,t,0) = ( +~t7Int)In

By Lemma 2.1, we have

82

% h(,t,0) < 0.

920 (7:t,0)

Therefore, dh(~,t,0)/0x is strictly decreasing for v > 0. Since 0h(0,t¢,0)/0x = 0, Oh(~,t,0)/dx < 0
for all v > 0 and 0 < ¢t < 1. Thus, Oh(y,t,x)/0x < 0 and h(~,t,z) is strictly decreasing for
x > 0. Since h(v,t,0) = 0, we have h(v,t,z) < 0 for all v > 0, x > 0 and 0 < ¢t < 1. Therefore,
9g(vy,t,x)/0x > 0 and g(v,t, x) is strictly increasing for > 0. Since g(v,t,0) = 0, we get g(~,t,z) > 0
and Of(vy,t,x)/0x < 0. Thus, f(~,t,z) is strictly decreasing for x > 0. Since f(v,t,z) > f(v,t,1),
we completed the proof of Lemma 2.2. O

Lemma2.3. If 0 <y <1and 0 <t <1, then

(I+~)(1—1) 1+t>7 )
1— i+ 2 -

Proof. We set

f(’)/,t) _ (1 i_z)t(i_; t) 1 ;_ t) .

Then the partial derivative

0 . _9(77t)
af(%t) TR+ )L — 2

where g(v,t) = (1 +7)(1 =y +t+~yt —t7 — 417 —t'*7 4 4¢1+7). Then we have the partial derivative

9 gy = LY,

where h(7y,t) =t — yt7 — t'*7 4 4!+, Then we have the partial derivative
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0
_ — 17
EMh(%t) t7 k(. ),

where k(y,t) = =14+t —~yInt —tInt + ~vtInt. Since the partial derivative

0
k(v,t) = (=1+t)Int >0,

k(7,t) is strictly increasing for 0 < v < 1. Since k(0,t) = —1+t—tInt < 0 and k(1,t) = —1+¢t— Int >
0, there exists y(¢) such that 0 < ~v(¢) < 1 and k(y(t),t) = 0. Since k(v,t) < 0 for all 0 < v < ()
and k(vy,t) > 0 for all v(t) <y < 1, h(y,t) is strictly decreasing for 0 < v < ~(t) and h(y,t) is strictly
increasing for v(¢) < v < 1. Since h(0,t) = 0 and h(1,t) = 0, we have h(y,t) <O foral 0 <y <1
and 0 < t < 1. Therefore, dg(vy,t)/0t < 0. Thus, g(~,t) is strictly decreasing for 0 < ¢t < 1. Since
g(7,1) =0, we get g(v,t) > 0. Hence 0f(v,t)/0t < 0 and f(v,t) is strictly decreasing for 0 < ¢ < 1.
Therefore, we have f(v,t) > lim;—1 f(v,t) = 1. O

Proof of Main Theorem. We assume that ¢ = a/b. Then the inequality (0.4) is equivalent to

(x+7)1—t*) 1+¢)7

> 1
x(1 —t*+7) 2 '
where 0 < vy < 1,0 <z <1land 0 <t <1 By Lemmas 2.2 and 2.3, the proof of Main Theorem is
completed. O
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