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Controller Design Parameter Optimization for Three-DOF
Underactuated Manipulators Using Switching Method

Keisuke ICHIDA∗ Shun KATAYAMA∗∗ Yasuyuki TAKAMORI∗∗∗

Abstract: Underactuated manipulators have some passive joints in general, where the number of inputs is less than the
degrees of freedom. These systems have complex properties in structure, and they have to control a lot of generalized
coordinates by few inputs. In this paper, we discuss the application of a logic based switching method, which has been
proposed originally by Hespanha and Morse. We need to decide controller design parameters to use the switching method.
Then we optimize such design parameters by a genetic algorithm. The effectiveness of the present methods is illustrated
with some simulations.
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Fig.1 3-link underactuated manipulator
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q = [ rx ry θ]T rx, ry

3 θ 3 (
) f1, f2

i mi

Ii l 3
mx = m1 + m2 + m3 my = m2 + m3 I = I3 + m3l2





mxr̈x − m3lθ̇2 cos θ − m3lθ̈ sin θ = f1

myr̈y − m3lθ̇2 sin θ + m3lθ̈ cos θ = f2

Iθ̈ + m3lr̈y cos θ − m3lr̈x sin θ = 0

(1)

z = [z1 z2 z3]T 2
u = [u1 u2]T

(1) r̈x, r̈y, θ̈





r̈x = vx

r̈y = vy

θ̈ =
m3l

I
(vx sin θ − vy cos θ)

(2)

vx, vy




f1

f2



=




−m3lθ̇2 cos θ

−m3lθ̇2 sin θ




+




(
mx − m3

2l2

I sin2 θ
)

vx +
m3

2l2

I vy sin θ cos θ

m3
2l2

I vx sin θ cos θ +
(
my − m3

2l2

I cos2 θ
)

vy




(3)

(3)



ζ

η

θ




=




rx +
I

m3l cos θ

ry +
I

m3l sin θ

θ




(4)





ζ̈ = cos θv1

η̈ = sin θv1

θ̈ = v2

(5)

v1, v2




vx

vy



=




cos θ − sin θ

sin θ cos θ







v1 +
I

m3l θ̇
2

− I
m3l v2




(6)

[12] 2
z u




z1

z2

z3




=




θ

(ζ − I
m3l ) cos θ + η sin θ

(ζ − I
m3l ) sin θ − η cos θ




(7)




v1

v2



=




2θ̇ż3 + θ̈z3 − θ̇2z2 + u2

u1




(8)

2





z̈1 = u1

z̈2 = u2

z̈3 = z1u2 − z2u1

(9)

[14] (9)

[15]

3.
[14]

w1, w2 = z3
2, z1

2+

z2
2 w1

π1(w1), . . . , πn(w1)

z
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Fig.2 Convergence image of a switching method with three
controllers

z = [z1 z2 z3]T

ż = [ż1 ż2 ż3]T u = [u1 u2]T

(w1,w2) w1 = z2
3, w2 = z2

1+z2
2

π1(w1) = (1 −
e−
√

w1 ), π2(w1) = 2π1(w1), π3(w1) = 3π1(w1), π4(w1) =
4π1(w1)

u = gi(z)

g1(z) =




1
1


 , (10)

g2(z) =




z1 +
z2z3

z2
1+z2

2
kp1 + ż1 +

ż2 ż3

ż2
1+ż2

2
kv1

z2 − z1z3

z2
1+z2

2
kp2 + ż2 − ż1 ż3

ż2
1+ż2

2
kv2



, (11)

g3(z) =




−z1 +
z2z3

z2
1+z2

2
kp1 − ż1 +

ż2 ż3

ż2
1+ż2

2
kv1

−z2 − z1z3

z2
1+z2

2
kp2 − ż2 − ż1 ż3

ż2
1+ż2

2
kv2



, (12)

g4(z) =




0
0


 (13)

4 (10)
(11) (12)

(13)
kp1, kp2 kv1, kv2

u = gi(z) (14)

i =





1 0 ≤ w2 < π2(w1)

2 π1(w1) < w2 < π4(w1)

3 π3(w1) < w2

4 w2 = 0

(15)

i
Fig. 2

4.
1

3 2

q = [rx ry θ]T = [0,−1.0, 0]T

0
m1 = 1.0 m2 = 1.0 m3 = 1.0 l = 0.5

I3 = 1/3 0.1 [s]
30 [s]

kp1, kp2 kv1, kv2

0.0
2.0 0.1

Table 1 4
Case1

Fig. 3∼Fig. 5
Case4

Fig. 6∼Fig. 7

Table 1 Controller design parameters

kp1 kp2 kv1 kv2

Case1 1.5 0.0 0.0 0.0

Case2 0.0 1.5 0.0 0.0

Case3 1.5 1.5 0.0 0.0

Case4 0.6 0.7 0.5 0.1

Case1 Fig. 3 2
[z1 z2 z3]T

Fig. 4 w1

w2

Fig. 5
3

rx ry

θ

Case4 Fig. 6 Fig. 8
Table 1

Case

5.

��直動型３自由度劣駆動マニピュレータの切換え制御法における制御器設計パラメータ最適化（一田啓介・片山　瞬・高森靖之）
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Fig.3 Link angle in Case1
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Fig.4 Energy trajectory in Case1
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Fig.5 Responces of the third link in Case1

GA

40 [s] 30[s]

GA
kp1, kp2, kv1, kv2 4

0.10 1.00 3

0.98
10 1/96

500 100

fc =
4000∑

i=1

4∑

j=1

E j(i) (16)

. GA
Fig. 9 200

250
kp1=0.667864 kp2=0.640000 kv1=0.569085

kp1=0.100000 GA

Fig. 10∼Fig. 12 Case4
30[s]

6.
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Fig.6 Link angle in Case4
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Fig.7 Energy trajectory in Case4
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Fig.8 Responces of the third link in Case4
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Fig.9 Optimizing history of cost function

��直動型３自由度劣駆動マニピュレータの切換え制御法における制御器設計パラメータ最適化（一田啓介・片山　瞬・高森靖之）
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Fig.10 Link angle using GA
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Fig.11 Energy trajectory using GA
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Fig.12 Responces of the third link using GA
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