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Global Well-Posedness and Exponential Attractor

for the Oregonator System with Global Feedback

Koichi Osakii， Tatsunari Sakurai2 and Shuj i Yoshikawai

Abstract.  The Belousov-Zhabotinskii (BZ) reaction is a phenomenon of a nonlinear chemical oscillator.  The

Oregonator model system with photochemical pathway is a mathematical model of the photosensitive BZ

reaction.  ln the paper， the global welLposedness of this system is shown and to investigate the large time

behavior of the solutions the exponential attractor is constructed. 

Key words: Reaction-Diffusion System， lnfinite-Dimensional Dynamical System， Exponential Attractor. 

1.  Introduction. 

In thi， pap。， we c・n・id・・th・制1・wing O・eg・nat・・m・d・1・y・t・m・f・quati・n・wi七h gl・bal feedba・k

(OR)

             10ZL

所? 幽＋5

審一D・四一inΩ×(・，㏄)，

幾一沸一・・n∂Ω×(・，㏄)，

IL(x， O) ＝＝ ILo(x)， v(x， O) ＝vo(cv) in st，

｛u(1＋幅淵 in st × (O，oo)，

where st is a bounded domain with smooth boundary 09.  The unknown functions ze and v describe

HBrO2 and the Ru(III) catalyst concentrations， respectively.  The coefficients Du， Dv， E， f and q are

positive constants.  We denote the feedback term by ip. .  ln this paper we define ipzL as

φ・(t)一αか(晒＋b，

where a 〉一 O is a gain constant， b E IR is an offset constant and p 2 1 is an arbitrary nurpber.  This

feedback function ' 奄?introduced in ［4］ (cf.  ［5］).  lf a ＝＝ b ＝＝ 0， then (OR) is a two-variable Oregonatop. 

             ， 8］).  The system (OR) is a modified model to include the photosensiti. viity gf thg BZ           ［2system (see
rV?≠モ狽奄盾獅m @［3］.  ［i］he gYstem hds presehted many physical and rr｝athematical ph. enomena，一wljich havg bgen

studied ih'both sides.  lndeed， a stabilized chemical packe't can be seen by numerical computation

in ［4］.  However， from the mathematical point of view the wgll-posedness ins n一 gt treateq a. s fa. r as Vbe

auih」ors know eVen if the feedback term is absent (a ＝＝ b ＝ O).  The aim of this paper is to show the

global well-posedness of (OR) and to investigate the behavior of solutions.  HereAt4e we！l-p. osedness

includes th6.  time global existence， uniqueness and the continuous dependence of the solution upon

the data. 

   The following theorem is concerned with the global well-posedness of (OR). 
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冨蛤？「'em 1. 1(Global Well-Posedness). 五eゆ。，vo)Then there exists a zLMqzLe solzLtion (zL， v) for (OR)翻鷺鴫(Ω)蜘・∈［9，1］α蜘∈

iL， v E e(［o， oo); Hft(9)) n ei((o， oo); Hi(st)) n e((o， oo); Hk(st)). 

in addition， zc and v satisfy ze E ［q， 1］ and v E ［O， 1］ . 

   伽ce珈5・傭・n聯5(t) : (ZLO， VO)ト・(u(オ)，''(孟))9・n・剛e5α・・ntinZL・u・伽・m翻卿，m in

K＝ ｛(zLo， vo) E HRT × Hft・ 1 7Lo E ［q， 1］， vo E ［O， 1］｝・

Here，ωe磁伽e
H. M(st) 一 ｛zL E HM(st) i illl/1 ＝O on Ost｝

for m＝2，3. 

   A pri. or.  i unifoum. Aestimates obtained in above admit also existence of absorbing set B.  Here， B is

潔灘宥臨画翻豊e芦品蹴讐(鵠e雛0豊欝燃罐
set we can const・u・t a g1・bal att・a・七…1漁・t， acc・・ding t・［艶mam［7， Th…em 1. 1］， th・ω. 1imit，et

A of B defined by

A一 tu (B) 一 A U s(t)B

          s＞Ot＞s

is th・g1？bal att・a・t・・f・・(｛S(の｝t≧・，κ)・H・・e，(｛卵)｝t≧・，K)m・an・th・dynami・al・y・t・m g。n。，at。d

by 5(のln         K. 

   By constructing an exponential attractor， we can obtain more precise informations for the behavior

・f・・1uti・n・・The c・ncep七・f an・xp・n・n七ial a七七・a・t・・i・e・七abli・h・d by Ed・n， F。ia，， Ni。。la。nk。 and

Temam ［1］.           LTet ys a. ssume thpt H is a separable Hilbert space， A is a positive definite Self-adjoint linear

鼎黙論職雛ぎ響興野瓢a浬1臨1:1鉱論・蹴
Ybat r4 F ‘」V.  C 5 apq. ‘」V iF-elbsgrbing and invariant for (｛S(t)｝t)o，K).  Theref6re， to know the large

tim・b・havi…f・・luti・n i七・ufice・t…n・id・・(｛卵)｝t≧。，X). 

   The exp・n・ntial att・a・t・・i・d・丘n・d a・飼1・w・，・ee Ed・n・t al. ［1］. 

£艦跳譜副αis ca'led the exponent'al attra・t・r f・・(｛S(t)｝t≧・，X)ifth・制1・wing

i)AcMcX;
P vN4. is a compact subset Qf U and is an invariant set for S(t);

iii) M has finite fractal diniension dF(M);

iv) h(S(t)X， M) S co exp(一cit) for t 2 O with some constants eo， ei 〉 O， where

h(Bo，Bi) ＝ sup inf llU-VllH

          UEBo VEBi

deno七es七he Hausdorff pseudodis七ance of七wo se七s Bo and B1. 

   In the制1・wing・th…em， we c・n・t・u・t・th・・exp・n・ntial att・a・t・・f・・th・dynami・a1・y・t・m・f(OR). 

The・「em 1・2(Exp・nential Att・act・・)・五・t B b・…r伽・ψ・磁♂・et in K. 刀、，唄ん，re

e謝α伽e・tBαnd a翻versal c・nstant R f・r-B sz・cんtんαt

sup llS(t) (7Lo， vo) ll H2. H2 一く R for all t 2 tB. 

(zco，vo)EB

The吻・・α・・即α・む・et B一｛(姻∈Kll圓llH・×H・≦R｝in・H'(Ω)×H・(Ω)乞・αn ab，。吻，e孟

1b崩・伽α禰・α1・碑m(｛卵)｝，≧。，一κ). 
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VVe denote by tB a niLmber satisfying S(t)Z3 c 13 for t ｝) tB and we set

Hl ×Hl
，v 一 U s(t)B

    t｝)tB

Th・漁・伽α傭α1躯・m(｛θ(t)｝、≧・，X)αdmit・αη即・n・ntia9 a伽・t・r M・

   We devote Section 2 to list the preliminary results.  In Section 3 we construct the time local solution

by u・ing・emig・・up m・th・d f・・th・ab・t・a・t・emilin・a・pa・ab・lic equati・n・Secti・n 4 i・d・v・七・d t・

give a pYriori es-timates which also admits the existence of absorbing set.  We construct the exponential

attractor in Section 5. 

Remark.  ln the case of the periodic boundary condition:

Iiil/t ＝ D，，AiL ＋ i ｛zL(1 一 zL) 一 (fv ＋ ip，，) Ili-i'i一［lq ｝ in (Ti， × Tl，) × (O， oo)，

！lll/÷ ＝ D. Av ＋ zL 一v in (Ti， × Ti2) × (O， oo))

ze(c，O) ＝ iLo(x)， v(cc，O) ＝＝ vo(u) in Tt， × Tl，，

the same results as the main theorems can be also proved.  Here Tl means the one-dimensional torus

。f p。，i。d l， i. ・. ， Tz-IT一卿Z.  ln thi・ca・e， we can・ha・a・t・・ize th・f・a・ti・nal p・w…f(一△＋1)

easily by using the Fourier expansion. 

2.  Preliminaries. 

   We denote by LP(st)， 1 S p 〈 oo， the complex-valued LP space with the norm ll ・ 11Lp.  Denote also

by H叩)， m-0，1，2，…，the c・mpl・x-valu・d S・b・1・v・pace・with th・n・・m ll・llHm・Wh・n m＝0，

IIO(st) ！ 'L2(st).  We denote by B(9) and e(9) the spaces of complex-valued bounqgd ！uncti. onTTs . and

                                                                             andHbeacontinuous functions onΩwi七h norm I卜IIB and ll・11c，respec七ively. :Le七Ibe an interval in R，

Banach space.  e(1; H) and ei(1; H) are the space of H-valued continuous functions and continuousl-y

differentiable fun' モ狽奄盾獅?on 1， respectively.  13(1;H) is the space of H-valued bounded functions on 1. 

Let Hi and H2 be two Banach spaces.  Then， the product space H ＝ Hi × H2 cAan be copsideredk 4n. d

                                                                       一五2(Ω)×L2(Ω)，th。 n。，m i， giv。n by旧IH一台IH、＋1UIH、.  E・pecially， w・u・e七h・n・七a七i・n・L2(Ω)

H1(Ω)一H・(Ω)×H'(Ω)and H欝(Ω)一H得(Ω)×珊(Ω)， m-2，3・H・・e七h・fun・ti・n・pace H得(Ω)

is defined as
                    即)一｛u∈Hm(Ω)1畿一・・n∂Ω｝，一2，3・

For O ff｛ so s｛ s S｛ s l 〈 oo，

Hs(st) ＝ ［HSo(st)， HSi(st)］e， s ＝＝ (1 一 0)so 十 Osi，

whi，h i， the c。mpl・x int・・p・lati・n・pace b・tween H5・(Ω)and Hs'(Ω)with th・n・・m旧IH・・Th・

following inequality is true:

(2. 1)
 
レ

θ
工船レ

伊
酬0

〈
一

 
砂

When s 〉 1， HS(st) c C(st) with

(2. 2) 1卜llβ≦o，旧IH・・
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When s ＝＝ 1， Hi(st) c Lq(st) for any finite q E ［1， oo) with

Pipscbitz goptinuit￥？ 一a Jlgcal solution can be constructed (e. g.  ［9］).  ln ［6］ the first authori iand' Yagi

introduced the mo               dified Lipschitz condition given by (2. 9) below. 

P・・P・・iti・n 2・1・(［6・The・・em 3・1 and C…lla・y 3・2D翫翻蜘Z翻・P・・bl・m。プα、翻. 

伽・α励・幡・v・傭・n・g繍・n(2・6)in・a・Banα・励αce瓦胤翻んat A i…Z…伽，α脚，剛。r
・fH sαtisfy吻tんαt

(2. 7) 11(A-A)一ill s kt＋1， A¢X，

wi(b g. ＝ ｛A E (C;1 argAl S ¢｝， O g th 〈 g， and M 〉 O is a constant， and the initial valzee satisfces an

e5t乞mαオe

(2. 8) 11AaUoll 一〈 r，
wherre.  g E ［O，. 1) is some exponent and r 〉 O is a constant.  AsszLme also that F(・) satisfies a Lipschitz

condition

(2・3)     ll・iiLq≦C，，，1卜II矩号ll・lll。，

whe「e 1≦P≦q＜㏄・Wh・n O≦・く1， H8(Ω)⊂L'(Ω)，み守， with

(2・4)        旧IL。≦σ、ll・llH，. 

   From (2. 2)， (2. 3) and (2. 4)， the inequalities on inultiplication of two functions are derived.  Let E

be an arbitrary positive number.  Then，

(2・5)  Il刎レ≦Om，・ll・・llHm 1回IH・＋・一∈Hm(Ω)，''∈H1＋・(Ω)， m-0，1. 

   ConsidgrLa. n.  noperator A ＝ 一DA ＋ 1， D is pgsitive constant.  Then， A is a positive and self-adjoint

・P・・at…f五2(Ω)with th・d・mainつ(且)一Hft(Ω).  F・・α≧0， th・f・a，ti。nal p。w。， A・・ i， d。丘n。d. 

The operator Adv is also a positive and self-adjoint operator of L2(st).  lt is well-known that

                           珊一聯;:㌫l

with the norm equivalence.  But， we verify that

                             z)(Aor) 一 Hft(tz(st)， 1 一く a s g. 

lndged，. AiL E Z)(AAa) shows that Azt E Hi(9) with 21;'i ＝＝ O on Ost.  While Ost is of class e3， these then

imply that ze E H3(st). 

   Next， we give the time lbcal existence theorem for the semilinear abstract parabolic problem:

(2・6) (tfitito)＋＝AuU，?(U)， o〈tsT，

lp soipg functign space H.  lt is well-known results that if the nonlinear operator F satisfies appropriate

(2・9)ll叩)一F(酬H≦P(ll且ασllH＋ll且αOllH)

             × ｛llAn (U 一 0) 11H ＋ (llAnUHH ＋ llAnOliH ＋ 1) 11Aa (U 一 0) ll. ｝ ， U， 0 E CZ)(An)，
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zuith an emponent n E ［or，1) and an increasing continzLoiLs fzenction P(・).  Then， there exists a iLnigzLe

loeαl solZLtioη，オ。(2. 6) SZLch孟んαオ

σ∈C(［0，T。］; IP(Aα))∩C1((0，Tr］H)∩C((0，罫P(A))，孟1一ασ∈B((0，T・］の(A))・

Mo・reover， tんe folgW吻e5伽αtesんold

               t'ma llAU(t) 11H ＋ liAorU(t) ilH S Cr， O 〈 t S Tr7

。茸餅η一at llAη仰)一y(t)｝IIH＋。塁剤IAα｛σ(オ)一ひ(孟)｝llH≦c・ll鍋一酬IH，

where O(t) is the solzetion of initial valzee Uo E 1)(Aor)， and Uo satisfies (2. 8). 

To construct an exponential attractor let us apply the following proposition:

Proposition 2. 2.  As8zeγ7z，e thαt F(σ)sαtisfy the五ipscん伽coη'd伽。η'

(F) ll叩)一F(U)llH≦Olμ去(σ一〇)llH，σ，o∈x. 

L・tS(t)b・tん…1・・ti・n・mαP・ノ(2. 6)α卿∈(0，1］・3卿…tんα齢・脚卿9σ(ちU・)一5(t)碗加鵬

［0，T］×κ翻・κ satisfies tんe仰5cん伽。・nditi・n

(G) IIG(ちσ6)一σ(s，U。)llH≦OT｛lt一・1ρ＋11 U・ 一 U・ llH｝，ち・∈［0，T］， U・，・U・∈「e，

プ「・r・α・んT＞0. T鳩th・re・謝・αn・a・P・n・ntiaZ attra・t・・ル11b・(｛5(t)｝・≧・，X)・

   This proposition follows from a modification similar to ［1， Theorem 3. 1］ which corresponds to the

above proposition in the case of p ＝ 1.  The proof is reduced to constructing a similar exponential

attractor for a discrete dynamical system (｛S. ''｝. 20， X)， where S＊ ＝ S(t，) with a suitable time t.  ＞

O.  For the discrete dynamical system， the condition on S.  called the squeezing property plays an

important role: for some 6 E (0， i)， there exists an orthogonal . projection P of finite rank NN such

that for each pair U， 0 E X either 11S.  U一 S. UllH :f｛ 6ilU-UllH or li(1-P)(S. U一 S＊U)iiH :i｛｛

11P(S＊U 一 S＊ti)llH.  ln the case when the dynamical system is determined by a semilinear evolution

equation such as (2. 6)， this property can be verified from the Lipschitz condition (F)， see ［1， Proposition

3. 1］. As a result， the existence of an exponential attractorノレ｛＊fbr(｛8鏑｝n≧o，X)can be obtained， as

w。ll th・dim・n・i・n i・e・timat・d・by・dF(M。)≦Nmax｛1，1・9(梁＋1)/1・9(岩)｝， wh・・e五i・a・Lipschit・

constant of the mapping 5＊fromλノinto itself.  Letル｛:?(［0，t＊］×ル｛＊)＝Uo＜t＜t. 8(t)M＊.  We

shall prove that/Vl is an.  exponential attractor f6r(｛s(t)｝t≧o，X).  The conditions i)， ii)and iv)in the

definition of the exponentia｝ attractor can be verified in the same fashion as ［1， Theorem 3. 1］.  Then

i七su缶ces七〇show七he fini七eness of the fractal dimension dF(M).  Here， we give the claim・

Claim.  Let p∈(0，1］、 Asszeme thatノ「or the normed spαce)ノ1αnd Y2 the㎜叩ψ:Y1→Y2 is the

Hb'lder continzLoiLs， namely，

Ilψ(y)一ψ(9)II:)フ2≦Clly 酬多、， y，雪∈Yi. 

Then for the set U c )/'i it holds that

           1

dF(th(U)) s｛ l dF(U). 

           p

   If we admit the claim， then.  the fractal dim6nsion of M is estimated by dF(M)≦(dF(ル｛＊)十1)/ρ〈

oo.  lndeed， since

11σ(ちσb)一σ(s，0。)11H≦0(lt一・ip＋liU・一U・・liH)≦σ(1ト・1＋11U・ 一 U・llH)ρ・
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we have

                              d-F(M)＝dF(G(［0，t＊］×. 八イ＊))

                                       1

                                    S idF(［O， t. ］ × M. )

                                      p

                                       1

                                    ≦一(dF(ノV1＊)十1). 

                                      p

Then the condition iii) is satisfied. 

   La・tly， w・giv・th・p…f・f the claim・W・tak・th・丘nit・ba11・・v・・ing｛B. (｛ll・i)｝浬)・f〃・u・h

tha七

                                       N， (U)

(2. lo) UcUB，(xi)，
                                       ゴ＝1

where B，(Ui)⊂)ノ1 is the ball centered at xi∈ンi with the diameter E. 

   Since

                  ，、，轟、)1「鞠・)一肩・)ll V・≦㌦画譜・一y・lllil・，

there exists ［vE・ c Y2 such that

                              th (B， (xi)) c Bc，， (cc 1・ ) c ［)22 . 

   It follows frOm (2. 10) that

                                N， (U) . ZV， (Z/)

                         th(U)c U th(B，(cui))c U Bc，p(gc:・)・

                                ゴ＝1         ゴ＝1

T-he.  n.  th(U) can be covered by at least N， (U) balls with the diameter CEP， which implies Nc，p(V(U)) S

Nc(U).  Therefore， we arrive at

                           dF (th(U))一1i響plOl鈴1窪警))

                                   ≦1i響P驚鶏

                                      1

                                   一 一dF(U)，

                                     p

which completes the proof of the claim. 

3.  Local Solution. 

  The local solution will be constructed by the semigroup method (Proposition 2. 1) and the truncation

method.  We consider an auxiliary equation of (OR):

            0ZL 一 .  1
            蕊? ・△u㌔｛iL(1 一 zL)一(！叶φ・)(・L 一q)9(R・u)｝inΩ×(0，・・)，

            Ov

(6iRl) 1 5/ ＝ Dv Av＋ zL 一v in g× (o， oc)，

            Oze Ov
            S［. T ＝ 5i. t ＝O on ost × (o， . )，

            zL(u， O) ＝＝ zLo(cv)， v(cc，O) ＝vo(cv) in S)，
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where g(C) is an extension function of Straq such that

       9(ξ)一瓢七儲錨wi七h19(ξ)1≦責，1gt(ξ)1＋19・t(ξ)1≦qξ∈(一。。， 9). 

We remark that in this system ？L and v are extended to the complex valued functions in order to apply

Proposition 2. 1.  ln view of the proposition by precise setting of H， 1］〉(A‘］) and T)(An) we have an

existence theorem of local solution. 

Theorem 3. 1.  A sszeme that (zLo，vo) E IHIX(st) siLch that 11(iLo，vo)fi l iEpt S r and r is a positive constant. 

Then， there exists a zenique local solzetion (ze， v) to (OR) szech that

               (ze， v) G e(［o， T. ］; IHI2(st)) n e'((O， T. ］; 1｝1'(S))) n e((0， T. ］; IHIiki(st)). 

1レfoγ「eover， 孟んe！∂ZZOI〃乞η'g e8timαtesんold！

                       ''11(iL) v) ll mi3 ＋ IKzt？ v) ii H2 Sl Cr 7 O〈tS Tr・

Proof.  The system (bVR) is formed as an abstract semilinear evolution equation (2. 6) for U ＝ (2L， v)，

U・一(ZLo， VO)， A-CD・♂＋1一仇象＋1)and

叩)一

?{1｛u(1-u)一(fv＋φの(IL 一q)9(Re iL)｝)・

Let us define H＝］旺1(Ω)，つ(A)＝H涛(Ω)andα＝η＝1/2.  In.  the settin琶，(2. 7)and(2. §)are clearly

satis丘ed.  We shall check the condition(2. 9)in Proposition 2. 1.  We writeσ＝(叩)andσb＝(ao，Oo)・

Let us consider first the Lipschitz continuity of v(iL 一 q)g(Re zL) in Hi(st).  From the difinition of g we

have supcER lg(C)i S 2/q.  lt is easy to see from (2. 5) that

                llv(iL 一 q)g(Re ze) 一 0(a 一 q)g(Re a) llHi

                        g ll(v 一 U)(ze 一 q)g(Re ze)llHi 十 llO(ze 一 a)g(Re zL)llHi

                            十 llO(a 一 q)｛g(Re iL) 一 g(Re a)｝llHi

                        s C｛(llzellH2 ＋ i)llv 一 011H-2 ＋ 11011H2 ''zL 一 allH2

                            十 (llallH2 十 i) ilO｛g(Re zL) 一 g(Re a)｝ilHi ｝・

Here， by noting that

g(Re ze) 一 g(Re a)
一f。' 9'((1一θ)(R・a)＋θ(R・u))dθ｛R・圃，

we have
               HV｛g(Re ze) 一 g(Re a)｝11Hi g CllU(ze 一 a)HHi S C11011H2 11zL 一 allH2・

Hence， it is obtained that

           Ilv(u 一 q)g(Re zL) 一 fi(a 一 q)g(Re a)11Hi

             S C(lliL li. 2 ＋ 1)llv 一 011. 2 ＋ CllOll. 2(lfiall. 2 ＋ 1)llzL 一 all. 2

             ≦0(llActσ11H＋1μαOllH＋1)(HAη叫H＋ll且η叫H＋1)II且α(σ一σ)llH・
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For the Lipschitz continuity of ip，，(t)(zL 一 q)g(Re u) in Hi(st)， similarly we have

         llipu(zL 一 q)g(Re zL) 一 ipa(a 一 g)g(Re a) 11Hi

            S iipzL 一 ipalll(ze 一 q)g(Re ze)IIHi 十 1ipaill(iL 一 a)g(Re zL)llHi

                十 lipalll(a 一 q)｛g(Re zL) 一 g(Re a)｝IIHi

            :f｛; C(11zellHi ＋ 1)(llzLiiPL一，' ＋ llaUPi. i)11ze 一 allLp ＋ C(allallPL.  ＋ lbl)｛112・L 一 allH2

               ＋ C(ilallH2 ＋ 1)11ze 一 allH2｝

            ≦0(llzLII;HP'，i ＋ 11a''Pi，' ＋ 1)(ll・L11H・＋11anH・＋1)llu一商ll丑、

            S CP(11AaUllH ＋ llACtUllH)(11AnUllHllAnUllH ＋ 1)11A(｝t(U 一 0)llH，

where P(r) ＝ 1 ＋ TP＋i.  For the Lipschitz continuity of another term， it is easy to show it.  We then

obtain

(3. 1) ll叩)一叩)llH .    .   . 
             S CP(llAaUilH ＋ llAorUllH)(11AnUIIH ＋ 11AnOllH ＋ 1)llAa(U 一 0)llH. 

Therefore， (2. 9) is verified.  The proof is completed.  D

   In the last part of this section we verify the boundedness of solution. 

Proposition 3. 2.  Let (zL， v) be the local solzLtion on ［O，T］ obtaineel in Theorem 3. 1.  Provided that the

offset constant b as

(3. 2) b2 一aqP lst 1，
ωん・矧Ω1乞・αm・α…r・・ノΩ，α醐胤m・thαt th・幡乞αZ加・伽(U。，V。)∈曝(Ω)・α師e89≦
iLo(cc) S 1 and O S vo(x) f｛ 1 in S-Z.  Then， zL and v satisfy that

                   gS zL(x， t) S 1 and O S v( v， t) 一く 1 in st × ［O， T］. 

Proof.  tttst， we note that iL and v are real-valued.  lndeed， the complex conj ugates of zL and v also

satisfy (OR).  Let us show iL 2 q.  Prepare a e3-function Ji(・) as follows:

                         小)十9)4櫨:1:

This function satisfies that

                      O m〈 ，Ji(ze)(iL 一 q) :f｛1 4，Ji(zL)， zL E (一〇〇， c)o);

(3・3)      小)＜0，u＜9;」｛(u)一〇，u≧q;
                            . li'(iL) i｝il O， iL E (一(［)O， OO)・

Then we have

         湘一一嘱小)1 v・ ・・12 dx

                 凱獅(1・一 iL)・d・u一ゐ・小)幅)(一9)9(Rψ｝・



Global Well-Posedness and Exponential Attractor for the Oregonator System with Global Feedback

                (Koichi Osaki， Tatsunari SakuraL Shuji Yoshikawa) 43

Here，

ん小)u(1 一 ZL) dX ＝ (f，，〈o ＋ fosu〈q ＋ /u2q)小)u(1舳

               ≦兀く。小)u(1舳

               ＝＝ f. . ， 」｛(iL)(iL 一 q)3！V( liiYii i‘) dx

               ≦兀く。小)(一小＋(・一q)｝ dx

               S C(filiLllH2 ＋ ！) f.  」i(2L)du

S Ci，qi(t)・

Meanwhile，

一る小)(fv ＋ iPiL)(・・ 一 q)9(z・) dx≦∠＜，小)(・・ 一 q)lfv＋il・119(・・) fi dx

                          S C(llvliH2 ＋ iipttD f.  」i(iL) dx

                                     S C，，，vgi(t)・

Th。，ef。・e， w・hav・ρ窪(t)≦σ岬、(t).  N・ting七hat q・(t)≧O and 9・(0)一〇， it i・・btain・d that

qi(t) ＝ O.  This shows zL ) q.  As for v ) O， by quite sirpilar techniqug we obtain it. 

  Next， we shall show ？L S 1.  Prepare here another e3-function 」2(・)                                                     as follows:

                         姻一｛ly-1)4艦:1:

This function satisfies that

(3・4)
@｛膿1:儲≧。lll罰:1;:…1:

Define
                        ψ・(t)一fg」2(綱)姻≦t≦T・

Then， by noting that H？L l lPL， ) qP I st 1 we have

         ψ勢(t)一一嘱小)1▽幽＋Y9小)｛蜘)一幅)X. 91｝d・・

              ≦Y. 〉、小)忌日(1 一 ？L)(zL ＋ q tt-q)一αq・1Ω1-b｝dx・

Provided the constant b as(3. 2)， it is clear七ha七

                     W(1 iL)(i‘＋q). . qpislei. bff｛0 for zL｝11・

                        u-9
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Thgrefore， we have g'2(t) 一く 0; hence g2(t) ＝＝ O.  This implies zL g 1.  An argument similar to the above

 yields v g 1.  ' o
   Ip thls segtion， we cons. tructed the . time local solution for the auxiliary equations (aR)， and the

・・luti・n(姻・emain・t・七h・int・・val・［q，1］×［0，1］.  It h・ld・that

                                   l
                         g(ReC) ＝一                                             for C E ［q， 1］. 

                                 6＋q

HnepHce一？ . the solution of (OR) coincide with the solution of (OR)， which implies the unique local existence

of (OR). 

4.  A Priori Estimates and Global Solution. 

   In this section we shall first give several apriori estimates. 

Lemma 4・1・五・t(碓)，v(t))for O≦t≦Tb・th・ 1・・α1・s・1・Lti・n・t・(OR)・f・The・r・m 3. 1。f・an・initial

              E IHIi(st) with zLo G ［q，1］ and vo E ［o，1］.  Then) th'ereU exists a positiv''e eoh'91d'n'TlfzLnction (ILo，vo)

emponent 6 independent of (ze， v) smh that

(4，1) II(iL(t)，v(t))''rmi s｛1 C(e-6tll(zLo，vo)ilHi ＋1)， O fsl t一く T. 

？r・・f・W・first・h・w an・・timat・・f L2-n・・m・f(姻・Multiply th・丘rst・quati・n・f(OR)by・，L and

integrate the product in st.                       Then
                          7

         凱2伽＋・D・ゐ1嚥一ゐ蔽一か冠鋤幅)1奉馳・

Here， noting that

                        fst iL2dx 一 fg iL3dx s 一 fg iL2dx ＋ 21st1，

and

一息鴛幅)静一一 /.  ・L(fv ＋ all・・(t)喋1一ゐ帯∬

                                                   ≦卵の≦誇2酬Ω1・

Therefore， we obtain

(4・2)  ・議酵・＋1''團''z・＋2・D。1畔、≦2(b・＋2)1Ω1. 

haveMeanWhile， Multiplying the second equation of (OR) by v and integrating the product in st， we

(4・3)   蕩1團1莞・＋2D。ll▽vi17，＋llvUZ，≦1團1莞、. 

Combining (4. 2) and (4. 3)， we obtain

(4. 4) 読(綿＋livll？，2)＋2(・D副▽・・llZ・ ＋ D. ll▽vllZ・)＋liiun2、＋酵、

                                                    一く 2(b2 ＋ 2)1stl. 
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By choosing 6 ＝ min｛1/26， 1｝ we have

(4. 5)，1圃1齢(t)llZ，≦・一δ・(・1瞬、＋11v。ll？，・)＋2(わ 烽Q)1Ω1，・≦t〈・T・

  Next we show an estimate of IHIi-norm of (zt， v).  Multiply the first equation of (OR) by Azt and

integrate the product in 9.  Then，

凱｝▽緬・Dか12d針2か嚥＋ゐ(fv ＋ all ・・llPLp)(藷)・i嚥

                           一f. i▽錫12刀環▽U・▽vdx-6ゐ論・1▽蔽

It then follows that

                凱1▽伽2・D孟國2畑ゐ1▽瀬

                             S (3 ＋ Vtl) fg IVzL12dc＋ f2 fst lv. 12 d，，. 

Byn。tingthat(3＋回    q)f，、1▽・・1・dx≦・D。危1△瀬＋(3塞讐2危冠・伽・hav・

            611tiT llv7iLl172 ＋ 6DzL fihAiL llZ2 ＋ 4qHvzb''2L2 :f｛i 一Ctiz［lilzllllll)21＋tlll'llii )2 ''zLhi2. ， ＋ f2''vvltz，. 

   Meanwhile， multiplying the second equation of (OR) by Av and integrating the product in st， we

get
                    読ll▽vllZ・＋D・1暁・＋211▽vllZ・≦翫ll鴛II呈・・

Combining these inequalities yields

(4. 6)  読(・1吋・＋！2 li▽v1122)＋・叫11Z2＋！2瓦瞳

                             ＋4g岡1莞、＋！211▽''ll莞、≦0團究・・

Then in view of (4. 5) it holds that

        SltT(E11VzLlfiZ2 ＋ f211VvlllZ2) ＋ 6(sllVztl12L2 ＋ f211Vvl172) fE｛ e-5‘(611ztollil，2 ＋ llvol12，2) ＋ C・

Choosing 6 as 0 〈 6 〈 min｛4q/s，1，6｝， we conclude that

        s11VzL (t) 11 ？，， ＋ f2 llVv (t) ll ？，，

(4'7) '' @s｛ E一一15i'' i，''vV，，，'A2. ， 一L 7i''vv，H？，，)＋ ce-6‘(Ei)lliLo11？，2 ＋ 11vol12L2)＋ C， O :f｛1 t〈 T'

By combining (4. 5) and (4. 7) it indicates (4. 1).  O

   In the case where Uo E IH［X(st)， we have another a priori estimate of IEI2-norm. 

Theorem 4. 2.  Let (u， v)， O S t 〈一 T， be the ZocaZ soZiLtion to (OR) of Theorem 9. 1 of an initial

fzenction (iLo，vo) E IHIi〈i(Sn2) with iLo E ［q，1］ and vo E ［O，1］.  Then， there.  eocisC a.  positive constant

exponent 5 and'an inc一Ieasing continiLozes fiLnction P(・) independent of (ze，v)                                                          516Cんtんαt

(4. 8)  il(ze(t)，v(州IH・≦σ・一δ‘ll△(u・，v・)IL・＋P(ll幅u・)11H・)，0≦t≦T・
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？roAof.  Operating V to the first equation of (OR)， multiplying it by VAzL and integrating the product

in st    ，we have

凱幽12砒＋・嘱随12d噌▽△融
                   ＋(   21qi｝ulf＋    q)f. i▽△融＋2ゐ融▽噛瓠1一▽vld・c・

AII. inYegr. als of th-e r-ighY-hand side are estimated from above by 〈fst IVAiL12dx ＋pg(11zLIIHi ＋'llvllHi)

with 〈 arbitrary.  lndeed， in view of

                  か21嚥≦囮1弘ll▽zel12，4≦q囮1刺陥llull解

                            S C(llzLllX， ＋ 1) ＋C (一 /.  VAzLViLdx)・

                            ≦ζ2鴻1叫2畷(1囮1％＋1)

it is true that

                  か▽△U▽ψ≦鉱叫・d旧藩・1嚥

                              ≦弧r叫2岨(1陥＋1)・

Similarly， from

                 々21▽Z・12dx≦くキ2ゐ1叫・d・C ＋ P(11・・llH・ ＋ llvllHi)，

we obtain

                 ゐ腋▽ψ≦鉱1叫・dv＋訊''・1嚥

                             g C fW VAzL12dx ＋ P(llzLIIHi ＋ IlvllHi)・

The o七her integrals are similarly es七imated.  By notillg that

                  鴻1轟≦凱1▽轟＋2玩鴻1輪，

hence， we have

              ・ll llA2L 112・＋争叫1貧・＋・1叫≦P(1剛H、＋llvllH、)

                                           S P(11？LoiiHi 十 llvollHi)，

with the aid of (4. 1).  Solving this，

(4. 9) 11Aze (t) llZ2 S eM‘ llAiLo llZ2 ＋ P( II iLo llHi ＋ 11 vo ilHi )， O g t〈 T・

  IY［eanwhAile，Lgperate V to the second equation of (OR) and multiply it by VAv， and integrate the

product in st.  Then，

                  lll; llAv11Z・ ＋ D・ 11叫＋211AvllZ2≦ん叫・
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Solving this，

(4. 10) 11 Av (t) 1172 S eM2‘ 11Avo ll Z2 ＋ C｛e'6‘(H zeo ll fti ＋ llvo llZi) ＋ 1｝， O S t 〈 T・

Combining (4. 1)， (4. 9) and (4. 10)， we have (4. 8).  D

   By the estimate (4. 1) we have a global existence of solutions. 

Theorem 4. 3.  Let (7Lo，vo) E IHIX(st) with zeo E ［q，1］ and vo E ［O，1］.  Then (OR) admits a iLniqzee

9励α1・solution(｝)szech・thαt

              (iL， v) E e(［o， oo); Nlk(st)) n e'((o， oo); Hi(st)) n e((o， oo); ］lffX(st)). 

In addition， iL and v satisfy zL E ［q，1］ and v c ［O，1］. 

Proof.  Theorem 3. 1 admits the local solution U such that

              (圃∈C(［0，珊HX(Ω))∩C1((0， Tr］;H1(Ω))∩C((0，Tr］;HX(Ω))，

where T.  is determined by r ＝ 11(7Lo，vo)Ilmr2.  Then， by Theorem 4. 2 we have l l(iL(t)，v(t))iiH2 S

C(r ＋ 1) (＝ r')， O S t S T. .  Consider now (OR) with an initial function (iL(T. )，v(T. )).  Theorem 3. 1

admits an extension of solution beyond T.  to T.  十 T，，.  By the uniqueness of solution this shows that

ll(u(t)，v(州IH・≦〆，0≦t≦Tr＋Tr'.  Thi・all・w・th…luti・n t・exi・t・until・Tr＋2Tr・・R・p・ating thi・

argument， we obtain the global existence of solution.  D

5.  Exponential Attractor. 

   The initial value (uo， vo) belongs to K， where K is a set of initial values

                       K ＝ ｛(iLo， vo) E IHII〈r; iLo E ［q， 1］， vo E ［O， 1］｝ . 

   Theorem 4. 3 shows that (5. 1) is well-posed in K.  Therefore， a continuous semigroup ｛S(t) :

(ILo， VO)∈KH(雄)，v(t))｝t≧。 i・g・n・・a七・d by(5・1)， and a dynami・al・y・七・m(｛θ(t)｝t≧・，K)i・

de伽ed. 
   For the dynamica｝ system (｛S(t)｝t)o，K) the existence of absorbing set is shown. 

Theorem 5. 1.  Let B be an arbitrary bozLnded set in K.  Then， there exist a ti7ne tB and a iLniversal

constant R for B szLch that

                        sup 11S(t) (2Lo， vo)ll im2 g R for all t 2 tB. 

                      (uo，vo)EB

Th・ref・r・，α・・脚・t・et B一｛(IL)V)∈H矧＠)IIH・≦R｝in H'i・ an abs・r吻・et！・渤・

dynamicaZ system (｛S(t)｝t20， K)・

Proof.  Let (zto，vo) E B and (iL(t)，v(t)) ＝ S(t)(zLo，vo).  By (4. 8) it holds that

          il(ze(t)，v(t))llH2 s｛ Ce-6‘llA(iL(s)，v(s))11L2 ＋P(ll(｛u(s)，v(s))llHi)， t liil s 1］Z O・

But， from (4. 1) we have

          ll(u(t)，v(州IH・≦σ・一δ‘11△(u(・)，v(・))11L・＋P(・一δ811(u・，v・)ll皿・)， t)・≧o・

Choose so ＝ max｛6-i log 11(iLo，vo)11Hi ， O｝.  ［1］hen， we obtain

                ll(ze(t)，v(t))llH2 :f｛ C(e-6‘filA(zt(so)，v(so))llL2 ＋1)， t 2 so ｝iil O・
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Ch…eal・・t・一max｛δ一11・911△(u(・・)，v(・・))llH・，・。｝.  Th・n， putting・R-20 and孟B一孟。， w。。btain

                            ll(ze (t)，V(州臆・≦R， t≧孟B. 

Thus， we have proved the theorem.                                 □

   Hence， by virtue of［7， Chap. 1， Theorem 1. 1］， theω一limit set. 4＝・ω(β)is a global attractor f()r

(｛8(t)｝t≧・，一κ). Set n・w

                                           Hl

                                x＝u8(t)β ，

                                    オ≧オB

where孟βis a number satisfying 5(t)β⊂Z3 fbr t≧オぢ.  The setλノis a compact subset of Hl

witMα⊂B， and i・an ab…bing and p・・itiv・1y inva・iant・et f・・(｛s(t)｝，≧。，K).  Th・・ef・・e t。

inv・・tigat・th・la・g・tim・b・havi…f・・luti・n it・u伍ce・七…n・id・・adynami・al・y・t・m(｛3(t)｝，≧。，X). 

   By using Proposition 22， we obtain the fbllowing theorem:

Theorem 5. 2.  Tんe吻παm乞。α1 system(｛卵)｝t＞o，、Y)αdmitsαn ea;ponentiα1 attractorノ辺. 

一Proo！，:Let H＝H1(Ω).  We consider a semilinear equation in. H:

(5・1) @  ｛翫翫購。＜ゆ

Wh・・eσ一(7L，V)・Th・1in・a・・P・・at・・且i・d・丘n・da・且一 K＋1一幽＋1)withth・d・main

D(A)一H涛(Ω)，an               dF(σ)is a nonlinear operator from Z)(A)to H such that

                   叩)一e＋1｛iL(1 一 iL) 一 (fV ＋ ipiL)1早1｝)・

   L・tR・check the c・nditi・n・(F)and(G)in P・・P・・iti・n 2・2・L・七U・∈・・V・Since llA3U。llH≦R， w・

have ll. 4SU(t)IIH≦Rfbr every t≧0.  In view of(3. 1)we obtain

     llF(σ)一F(0)llH≦叫ASσlrH＋1晦llH)(11ASσli酬1脚llH＋1)1幽σ一〇)llH

                         ユ                    ぼ
                   ≦CRllA5                          (σ一σ)llH，σ，σ∈x. 

Therefbre， the con. dition(F)is fulfilled. 

   Next， we check the condition(G).  Fix T＞Oarbitrarily.  We note that

            llσ(ちUo)一σ(8，Uo)版≦llθ(t)砺一θ(孟)ObllH十lls(オ)Ob-3(8)ObllH. 

恥・砺，U・∈X，1・t肺)一3(t)U・一卵)U・，0≦t≦T.  Obvi・u・1y卿)i・a・・lu七i・n t・th・p・。bl。m

(5・2) @｛翫罵1鵬)一F(5(蜘。＜一

where Wo＝Uo一σb.  Multiplying W the equation of(5. 2)， we have

        謡ll馴涛＋ilA蜘1易一(F(卵)砺)一F(5(t) o。)，w)H≦c. 11A3WllH-llw11H一. 
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Solving this differential inequality， we have IIW(t)llH g eC‘llWo i i H g CT I i Wo l l H， namely，

llS(t)Uo 一 S(t)UollH fE｛ CTIIUo 一 UollH・

By a quite similar estimate to (3. 1) we can show

llF(卵)0。)ilH≦0(llASS(畑IH＋1)2≦σR， t ｝il O・

Therefore， we observe that for O S s S t g T

Hs(t) oo 一 s(s)oo ''H f｛｛ f，‘ 11 flilllll (7)Oo 11 . . dT

                 ≦か3(7) Oo llHdT ＋ f，‘ llF(S(7)卿7

                 ≦澱，］伽5(7)呵む毒噌司liF(θ(7)呵tdT

                 :S｛ CRfi ＋ CR(t 一 s)

                 fi｛ CR，Tx/1?・

Thus the condition (G) is also fulfilled. o
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