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              Asymptotic Behavior

of Reaction-Diffusion-Advection Systems

Koichi Osaki＊

Abstract.  Two reaction-di血sion-advection systems:Mikhailov-Hildebrand-Ertl model［1］and Mimura-

Tsujikawa model ［2］ are considered.  As an example of reaction-diffusion-advection systems， Mikhailov-Hildebrand-

Ertl model in R2 is adopted， and then the method of showing the global existence: semigroup method and a

priori estimate is introduced.  As another topic of the asymptotic behavior of reaction-diffusion-advection sys-

tems， the collapse of solution is treated.  For Mimura-Tsujikawa model the possibility of occurrence of collapse

due to the relation cross-diffusion and growth orders is discussed. 
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1.  Introduction. 

In this paper we consider the following type of reac七ion-diffusion-advection systems＝

(1. 1)

01L

at

Ov
厩一曲＋9(IL) V)in

＝一 Au 一 xV｛V(iL)Vv｝ ＋ f(u)， in st × (O， oo)，

st × (o， oo)，

where st is a domain in R2， and x and or are positive constants.  The function V(u) of the advection

term 一xV｛V(ze)Vv｝ denotes a cross-diffusion effect of 2L by the gradient of v， and f(zL) and g(u， v)

denote七he reactions be七ween components u and u or simply growth of u and''.  We shall consider

the functions as:

(1. 2) V(zL) ＝ u(1 一 u)， f(iL) ＝ 1 一 zL， g(u， v) ＝ v(ze ＋v 一 1)(1 一 v)

or

(1，3) V(tt) ＝ ze， f(u) ＝＝ 1 一 ze， g(u， v) ＝＝ 6u 一 tyv，

whereβand'γare positive constants.  The system(1. 1)with(1. 2)is equivalent七〇Mikhailov-

Hildebrand-Ertl model ［1］ in terms of the method of showing the global existence essentially.  The

system (1. 1) with (1. 3) is Mimura-Tsuj ikawa model ［2］ having a linear decay growth term. 

   The objective of this paper is to introduce the treatment of showing the global existence of

reaction-diffusion-advection systems: semigroup method and a priori estimate by adopting Mikhailov-

Hildebrand-Ertl model as one of examples of the systems.  As a symbolic asymptotic behavior

of reaction-diffusion-advection systems， we consider also collapse of solution by adopting Mimura-

Tsujikawa model.  Collapse means here that the function u(x，t) has a delta function singularity in

afini七e七ime because of七he effect of negative diffusion due to'the advection term， For no growth

case， that is， Keller-Segel model: V(ze) ＝: ？L， f(z‘) ＝一 O， g(ze， v) ＝ fiu 一 tyv， it is well-known that

collapse occurs for suMciently large x 〉 O (results on the 16cal and global existence and collapse for

Keller-Segel model e. g. ［3，4，5，6，7，8，9，10，11］).  On the o七her hand， for a quadratic decay growth
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case ［12］: V(u) ＝ 2L， f(ze) ＝ u(1 一 u)， g(iL， v) ＝＝ 62L 一 tyv or a cross-diffusion with prevention of over-

crowding case［13］:V(u)＝u(1-u)，！＠)＝0，9(u， v)＝βu一・γv the global exis七ence were assured

for anyλ:＞0.  Hence， to investiga七e七he effect of cross-diffusion and growth orders fbr the collapse

may be important to know the asymptotic behavior of reaction-diffusion-advection systems.  ln this

paper， by our results of Mikhailov-Hildebrand-Ertl model we observe that the case: V(iL) ＝ zL(1 一 zL)，

！(u)＝1-u，g(u， v)＝βu一ッu assure the global exis七ence fbr any X＞0.  Wb treat also the Mimura-

Tsujikawa model with a linear decay growth case (1. 3)， and discuss on the possibility of occurrence

of the collapse for suMciently large x 〉 O，

   The organization of this paper is as follows.  ln Section 2 we shall treat Mikhailov-Hildebrand-Ertl

model in the spatial domain R2 and show the global existence of solutions.  Section 3 is devoted to

the discussion on collapse of Mimura-Tsujikawa model，

2.  Global Solution to Mikhailov-Hildebrand-Ertl Model. 

  Let us consider a following reaction-diffusion-advection system which was proposed by Hildebrand，

Kuperman， Wio， Mikhailov and Ertl ［1］ (see also ［14］):

(2. 1)

azL
ilst/ ＝ aAzL ＋ bV｛ap(i 一 iL)vx(v)｝

         一celeX('')2L 一 dit ＋ f(1 一 iL) in R2 × (O， oo)，

寄一9△醐u＋一・)(・一v)inR2×(・，・Q)，

iL(x， O) ＝ zeo (x)， v(x， O) ＝: vo (x) in R2. 

Here， zL and v are unknown functions with O S u g 1 and O S v S 1， The coefficients a， b， c， d， f， g， h

and k are positive constants， and x(v) is a real-valued smooth function on v E ［O， 1］ with x'(v) S O

(in ［1］， x(v) ＝＝ gv3 一 iv2 is introduced). 

   The system (2，1) is a model for a nonequilibrium self-organization process in surface chemical

reaction of microreac七〇rs with submicrometer and nanometer sizes.  Typical example of the reaction

is the oxida七ion of CO on P七(110)surface(cf. ［15］).  Then， the functions u and v denote the adsor-

bate coverage of CO and a continuous order parameter of the surface structural sta七e of Pt(110)l

respectively， The advection term bV｛iL(1 一 zL)Vx(v)｝ of the first equation shows that CO molecules

flow on the surface by the gradient of lo'cal potential x(v) with a rate 1 一 iL.  The reaction term

hv(ze 十 v 一 1)(1 一 v) of the second equation indicates that the system has two stable uniform states

v ＝ O， 1 and an unstable uniform state v ＝ 1 一 2L. 

   In ［16］， Tsujikawa and Yagi treated the system in a bounded domain with e3 boundary， imposed

Neumann boundary conditions， and then prove the existence of global solutions and an exponential

attractor(cf. ［17］for periodic boundary condi七ions).  Exponential attractor is a compact posi七ively

invariant set wi七h the finite fractal dimension in the(infinite dimensioal)phase space， which includes

the global attractor， and attracts every traj ectory in an exponential rate.  (As for precise definition

and examples of exponential attractor， see Eden， Foias， Nicolaenko and Temam ［18］)， The system

shows various spatial-temporal patterns ［15］ (cf.  numerical results ［19］)， so， we may consider in terms

of the exis七ence of exponential attractor that such patterns are phenomenon of finite degree of freedom

even if they seem to be complicated. 

   In［1，14，20］the existence and s七abili七y of s七a七ionary spots and traveling fron七solutions to(2. 1)

are discussed， and also the interface equation is introduced in the domain R2.  So， we should consider

the case R2 and show the global existence of(2. 1)(exponential attractor does no七exis七in a usual

function space such as L2(R2)， in fact， a norm of some traveling solution may diverge to infinity). 

Since)('＠)≦0，七here exist only three stationary solutions such七ha七stable uniform states:

(S)  (蘭)一(撹・，・)，(商…)，砺一ceた論＋ノ， i一・，・1;
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and an unstable unif6rm s七ate:

(US) (a，U)＝(a＊，U＊)， a＊＝EE，」ila?｛itEi-F」lk. (i-a. ) d＋，U＊＝1-a＊・

The domain is unbounded， it then may be natural to impose on (2，1) a boundary condition of

limlxl-oo(u， v) ＝ (a， U).  Then， by changing iL and v as

(2. 2) u＝a十2Lp and v＝0十vp
an evolution equation of perturbation (up， vp) around (a， fi) is derived:

                  讐・一α△・L，＋わ▽｛zL(1 一 iL)▽)c(v)｝一(ce嚇d＋！)uP

                                ＋ca(ekX(di)一eleX('')) in R2 × (O， oo)，

(P)

                  (li/lli'' ＝ gAvp ＋ hv(zt ＋v 一 1)(1 一 v) in R2 × (o， oo)，

                  iLp (x， O) ＝ iLp，o (x)， vp (x， O) ＝ vp，o (x) in R2，

where u， v， a and 0 are defined in (S) or (US) and (2. 2). 

   As fbr the case(S)， the author， Takei and Tsujikawa show the global exis七ence［21］.  In this paper，

we treat the case (US).  Then， it is obtained that

Theorem 2. 1.  Let (iLp，o，vp，o) E Hi(R2) × H2(R2) with the initial condition:

(Bo) OSa＋iLp，o(x)s1， OsO＋v，，o(x)s1 in R2. 

Then， there exists a zLnique global solution (up，vp) to (P) which is an evolzetion equation of aToztnd

the iLnstable uniform state (US) siLch that

(zL，， v，) E e(［0， cx)); Hi(R2) × H2(R2)) n ci((o， oo); Hi(R2) × H2(R2))

                                                      ne((o， oo); H3(R2) × H4(R2)). 

In additi・n， tんe g励al・s・傭・n sαti・fies・ηR2×［0，。。)

(B) Of｛ a十 te， (x， t) f｛｛ 1， O s｛ 0十 v， (x， t) S 1. 

五〇CαlSol％tion3. 

   We shall show the Iocal existence of solutions to (P).  We set (P) to an abstract evolution equatjon

in a function space and by using semigroup method obtain the local exis七ence. 

   Consider an initial value problem of a semilinear abs七rac七evolution equa七ion:

(2・3) (tfltiito)＋＝Auu，＝一丁目u)， o〈tsT，

in a Banach space X.  '］］he function U is an unknown function， and A is a closed linear operator in

X which satisfies the condition

                                         M

(2. 4) ll(A-A)一'll s｛;                                                A¢X，
                                        IAI＋1'

with X ＝ ｛A G C; 1 arg A l S ip｝， O S ip 〈 g， and M 〉 O is a constant.  The initial value Uo is in 1)(Aa)

with the estimate

(2. s) 11Aa Uo ll S R，
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where or E ［O， 1) is some exponent and R 〉 O iS a constant， These assumptions allow to generate an

analytic semigroup e'tA on X and define a function of integral form

｛〈1＞(U)｝(t) ＝＝ e-tAUo ＋ f，‘ e一(‘一S)AF(U(s))ds. 

If some Lipschi七z condi七ion for the nonlinear function. F is satis丘ed， then it is shown that the function

¢(U) has a unique fixed point， hence， we obtain the local existence (e. g， ［22， 23， 24， 25， 26］).  But，

for our reaction-diffusion-advection system七he following:Lipschitz condition of［27］may be easily

veri丘ed:the function F:の(Aη)→Xis a given:Lipschitz continuous function satisfying

(2. 6)                    llF(σ)一F(1/)11x≦P(1レ40「ullx十llAO「1/11x)

                ×｛llAn(U 一 V) llx ＋ (IIAnUIIx ＋ liAnVllx)llAa(U 一 V)H. ｝，

where U， V E 1)(An) with some exponent n E ［cu， 1) and some increasing continuous function p(・). 

Proposition 2. 2.  (［27， Theorem 3. 1］) Under the conditions (2. 4)， (2. 5) and (2. 6)， there exists a

unique local solution to (2. 3) in the space

               ｛σ∈C(［0，TR］;の(Aα))∩C1((0， TRti-aU E B((O， TR］i tP(A))，］;x)∩c((q聯))'

where TR 〉 O is determined by R. 

   Let us set (P) to an abstract evolution equation in X:

)鐸
P

(

Here， U 一 (21pVp)

U・一
i掬か・in

such that

and A ＝

の(Aα)，α∈［o，1)，

｛舐1叩いくt〈 oo'

(一α△も耐一9£＋、)with th・d・mainつ(且)・Th・initial valu・

      and F(U) is a nonlinear operator from D(An) to X， n G ［or， 1)，

           叩)一(bV｛u(1 一 iL)▽Y(㌃㌢鵬憩綱e囎一e凝(圃))

with…一・Ei＋u， and・v＝0＋v，， wh・・e死(R・v)is s・me sm・・th・xt・n・i・n・f X(R・v)f・・v∈C・

                                          The existence theorem of local solutions to(P)is derived. 

The・rem 2. 3. △蜘m・thαt(zep，o，Vp，o)∈∬1(R2)×H2(R2)αnd 11(u，，・，v，，・)ilH・×H・≦R， wh・r・ R

乞，、。m， numb・r.  L・t X一五2(R2)×H'(R2)，つ(A)一日2(R2)×H3(R2)・Th・n， th・r・ ・xi・t・側吻Ue

local so12Ltion(ILp，''P)オ。(P)suchめαオ

          (u，，v，)∈C(［0， TR］;H1(R2)×H2(R2))∩σ1((0， TR］;X)∩C((0， TR］;D(A))

ω伽:TR＞Odeterminea by R. 

Sketcん。∫. Prooメ :Let us verify the conditions of Proposition 2. 2.  The operator. 4 fromの(A)to X

・ati・且・・(2. 4).  We ch…eα一1/2.  This sh・w・that D(Aα)一H'(R2)×H2(R2)， that i・，(2・5)i・
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謙1溜諏1潔ent'onon'ythe advec七ion te「m・Choos'ngη＝3/4， that is，瑚＝

  IIV' ［｛u(1 一 iL) 一 ｛w(1 一 w)｝Vx''V(Re v)］llL2

           S 11 一 2alll(ze， 一 w，)VxN(Re v)IIHi 十 l l(u， 十 w，)(ze， 一 w，)VxN(Re v)11Hi

                S (llzLp ＋ 2vp11. ｛ ＋ 1)lliLp 一一一 'i''pll. ｛ llx'V'(Re v)V(Re vp)IIHi

                     よ         1             1         1
           ≦(口証・il・・p ＋ w・llll' 9＋1川u・一ω晶・ll'・L・一ω・ll葺書P(1臨・)

          S p(llvpllH2)｛(11up ＋ wpllHi ＋ i)llzep 一 wpllHg ＋ llup ＋ ｛wpllHg llzep 一 ivpllHi｝

                         S p(liztpllHi ＋ llwpilHi ＋ llvpllH2)

                              × ｛lliLp 一 wpll. g ＋ (llupll. g ＋ II'tvpll. i ＋ i)llup 一 'wpllHi｝，

and

llV ［iL(1 一一・ zt)V｛xN(Rev) 一 x'V(Re z)｝］llL2 S C(11zt，llin ＋ 1)

             ×［11 ｛x'''''' (Re v)一7(R・z)｝▽(R・vp)11H・＋117(Rez)▽＠，一zp)1回

                              〈一 p(''zepllHi ＋ llvpllH2 ＋ llzpllH'2)(Ilupll. g ＋ i)llvp 一 zpllH2・

The other terms are similarly estima七ed， the condition(2. 6)is veri丘ed.  Thus， the theorem is proved. 

                                                                         D

  By considering the higher regularity case for the local solution we obtain the theorem of existence

of local solution.  But similar arguments as the proof of ［21， Theorem 3. 4. ］ derive the following

七heorem， we then omi七the proof and only give the statement:

Theorem 2. 4. 五et(ILp，o，vp，o)∈H1(R2)×H2(R2)ω伽(Bo)αnd・11(up，o，''p，o)ilHi×H2≦. R，ωんere R

is some nztmber.  Then， there exists a zeniqiLe local solution (up，vp) to (P) such that

(u，， v，) E C(［O， TR］; H'(R2) × H2(R2)) n ei((o， TR］; Hi (R2) × H2(R2))

                                                 nC((O， TR］; H3(R2) × H4(R2))，

and satiSfying (B) on IR2 × ［O， TR］.  Here， TR 〉 O is determined by R. 

σ励al Solutions.  We shall construc七several a priori estimates for the loca1 soIutions and then

show the global existence of solutions to (P) with (US). 

Proposition 2. 5.  Let (up，vp) be any local solution to (P) with (US) which belongs to the fzenction

space

(u，， v，) G C(［O， T); Hi(R2) × H3(R2)) n e'((o， T); Hi (R2) × H3(R2))

                                                  ne((o，T); H2(R2) × H4(R2)). 

Then， tんere eXiStS S・me inCreαSing C・ntin2L・US・juncti・叩(・)independ・nt・ノZ・p and Vp，8UCんtんat

(2. 7)            Il(up(t)，vp(t))ll石r 1×正13 ≦p(t十ll(zep，o，vp，o)ll. i×H3)，  0≦t＜T. 

Proof.  ln the proof， we use another expression of the second equation of (P) with (US):

                    avp
(2. 8) '                        ＝＝ gAvp m vp 十 P(up， vp)，
                     Ot

                    P(up， vp) ＝ vp 十 hv(u 十v一 1)(1 一 v)

                           ＝＝ h ［v(1 一 v)tep ＋ ｛1 ＋ v(1 一 v)｝vp］ . 
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Step 1.  Multiply (2. 8) by vp and integrate the product in R2.  From (B)， we obtain

(2・9) 凱伽ん1▽''轟≦σ(ん恥＋fR， vB dx)・

  Multiply next (2. 8) by Avp and integrate the product in R2.  Then，

凱晒＋9ん團2砒＋ん1▽V・12dx≦紘瞳＋・(f. ， uB dx＋併)・

It follows that

(2…)鉱i▽％12蜘ん1△％12翻41ψ≦・(fR， u; dx＋罷り・

  Multiply again(2. 8)by A2vp and integra七e the product in R2.  Then，

     凱1△％12砒＋9ん1叫12d餌＋fR、 1Av・12 dx≦多ん1叫2砒＋毒f. ，i▽pi2dx・

By (B) it is easy to see that IVPI2 一〈 C (IVup12 ＋ IVvp12).  Therefore， we obtain

(2・1・)読ん1砺12蜘んi▽△v・12 dx＋241恥≦・(f. ，1▽u・12dx＋f. ，1▽祠・

  Meanwhile， multiply the first equation of (P) by up and integrate the product in R2.  Then，

1増置蜘ん1▽i・・j2 dx ＋ (ce'ex(1)＋d＋f)ん恥

              ≦一わん鴛(・蝋'')▽岬飢＋・確(e'ex()P‘＠))・・pax

                          ≦舞ん1▽…12dx＋・(ん輌ん1▽v・12 dx＋焼)・

So， we have

(2・・2)訟多蜘ん1▽・Lp12 dx≦・(ん輌ル1▽Vp12dx＋fR， vB dx)・

   By adding(2. 9)，(2. 10)and(2. 11)七〇(2. 12)mul七iplied a large constant we ob七ain that with some

constant 6 〉 O

(2・13) llup(t)llZ2 ＋ llvp(t)ll？ir2 一く Ce-6‘llAvp，oilZ2 ＋p(t＋ llup，ollL2 ＋ llvp，ollHi)， O 一く一 t〈 T・

Step 2.  Opera七e▽△to(2. 8)， take the inner product with▽Avp and integrate the product in R2. 

Then    '

｝:lt7 fR， lvAv. 12 dx ＋gfR， IA2v，12 dx ＋ fR， lvAvp12 dx s g fR， IA2v，12 dx ＋ lil｝ fR， IAp12 dx. 

Thanks七〇(B)it is easily verified that

                IAP12 S C (IAu，12 ＋ IAv，12 ＋ IVv， 1‘ ＋ IVz‘，12 IVv，12) . 



Asym ptotic Behavior of Reaction-Diffusion-Advection Systems (Koichi Osaki) 35

Moreover， we obtain

(2・14) f. ， (IAvp12 ＋ IVvpi‘) dx S 11vp''｝2 ＋ llVvpll‘L4 S p(Hvp llH2)

and by noting that fR2 IVu，12 dx g g fR， (IAu. 12 ＋ lztp12) dx，

(2・15) f. ， 1 V' zLp 12 IVvp 12 dx :E｛1 llVz‘p llZ3 11Vvp 11 Z6

                         ≦P(11ze，llL・＋團H、)1剛姦、≦・團1呈、＋P(1剛L、＋11v， 11H、). 

Therefore， it follows that

(2・・6)鉱、1叫2賢酒、1△2v・｛2dx＋2fR、1叫2d・・

                                                s｛ C 11 AL ztp 11 Z2 ＋ p( II 't-ep ll L2 ＋ ll vp 11H2)・

   Meanwhile， multiply the first equation of (P) by AiLp and integrate the product in R2.  Then，

凱、1▽u・ 12 dx ＋a fR、1△… 12酬ce'ex(1)耐)益、1▽Up12 dx

             S｛ 一Ck fR， efoX(V)x' (v)iLpViLpVvpdx 一 b fR， AiLpV ｛？L(1 一 iL)Vx(v)｝ dx

                           一 ca fR，｛ekX(di) 一 ekx(v)｝AILpdx

                   g 2 f. ， IAup12 dx ＋ lli21 f. ， lv ｛2L(i 一 u)vx(v)｝i2 dx

                                         ＋(ceんX(1≠！)益、1▽…p 1・的(llV・11Hi)・

In addition， by similar estimates to (2. 14) .  and (2. 15) we have

           f. ， IV｛・u(1 一 (is)Vx(v)｝12 dx s｛1 ilii？｝， f. ， IA(u，12 dx ＋p(ilis，ll. 2 ＋ 11v，''. 2). 

It then follows . that

       鉱、1▽U・12dx＋afR、1△Z・・ 12酬・・kx(1)剛)益、1▽U・12dx≦P(團五・＋llV・11H・)・

We add七his七〇(2. 16)mu1七iplied a small positive constant.  Then， it is indicated from(2. 13)that with

some constant 6 〉 O

ll'・・。(t)il聾、＋llv。(t)ll査、≦0・一δt｛ll▽u。，・llZ、＋ll▽△v，，・ll呈、｝＋P(州1・Lp，・IIL・＋''vp，ollH・)，0≦t〈・T. 

Hence， we have proved the estimate (2. 7).  O
   By Proposition 2. 5， we can give the proof of global existence， Theorem 2. 1.  But， since quite

similar arguments as ［21， Proof of Theorem 1. 1. ］ assure our global existence， we omit the proo£
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3.  Chemotactic Collapse of Mimura-Tsujikawa Model. 

  Let us assume that the domain st c R2 is a bounded with smooth boundary and x is a given

positive constant， By using the same method of the previous sections we can show the existence of

global solution to

(3. 1)

OZL
st/ ＝＝ AiL 一 xV｛u(1 一一 u)Vv｝ ＋ 1 一 zL in st × (O， oo)，

Ov
St/ ＝or Av＋6u-w in st×(o， oo)，

∂u  ∂勿
5t/ ＝ 5t/ ＝o on ost × (o， oo)，

IL (x， O) ＝ uo (x)， v(x， O) ＝ vo (x) in st，

even ifλ:is sufHcien七ly large(indeed，(B)is derived from(Bo)， cf. ［21， Theorem 3. 4D.  Meanwhile，

Hillen and Painter treated the system consisted of:

OIL
st/ ＝ Au 一 xV｛u(1 一 ？L)Vv｝ in st × (o， oo)，

and七he same second equation， boundary and initial conditions as of(3. 1)， and showed七he bounded-

ness of solution， and then obtained the global existence for any)(＞0［13］.  This sys七em was introduced

as a chemo七axis model with prevention of overcrowding cross diffusion.  Then， u(x，t)and v(x，t)de-

note the popula七ion density of biological individuals and the concentration of chemical substance at

a position x E st and a time t E ［O， oo)， respectively.  Chemotaxis is the directed movement in a sense

that the biological individuals have a tendency七〇move toward higher concentra七ion of the chemical

substance.  As the chemotaxis effect the system has the advection term of the form negative diffusion，

We七hen observe that七he prevention of overcrowding cross-diffusion has some role of avoiding collapse

even if the system has a linear decay or no growth term. 

   :Let us consider the following reaction-diffusion-advec七ion sys七em having a simpler advection term:

Ou
St/ ＝＝ Au 一 xV(uVv) ＋ f(iL) in st × (o， oo)，

and the same second equation， boundary and initial conditions as of (3. 1)， This system is Mimura-

Tsujikawa model ［2］. 

   If the growth term f(zL) is a quadratic decay function such as f(it) ＝ u(1 一 u)， then the global

existence is assured and also the existence of exponential attractor ［12］ (as for other results on expo-

nential attractor and pattern formation for Mimura-Tsuj ikawa model， refer ［2， 28， 29， 30， 31］).  We

here note七ha七it is we11-known七hat if no growth term， that is，！(II)≡0， the system is equivalent to

Keller-Segel model， in which chemotactic collapse occurs for sufficiently large x 〉 O (on the local and

global existence and collapse for Keller-Segel model， refer ［3， 4， 5， 6， 7， 8， 9， 10］). 

   Here， let us consider the problem fbr七he fbllowing system consisted of

Ou
G/t ＝ AiL 一 xV(uVv) ＋ 1 一一一 u in st × (o， oo)，

which has a simple advection term and a linear decay growth， and the same second equation， boundary

and initial conditions as of (3. 1) : does collapse occur or not for sufl！Lciently large chemotactic coeMcient

x？ This is an open problem which we here does not treat directly.  The similar arguments as for Keller-

Segel model (e. g， ［5］) permit to reduce the second equation to O ＝ Av 十 iL 一 1 approximately for a

case where 11sl｝T fst uodx ＝ 1， 1st1 being the measure of fl， a is large and 6＝7 ＝ 1.  Then， to give an

observation on collapse of Mimura-Tsuj ikawa model with a linear decay growth we shall consider the
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following system:

(3. 2)

Theorem 3. 1.  Let the domain st be a

Then， for siLfficiently large ehemotactic coeX｝icient x 〉 O

(3. 2) blows up in a finite time

Proof.  By simulating the result of Jdger and L

which blows up at the cen七er of ball. 

  Introduce a function

au
st/ ＝ AzL 一 xV(iLVv) ＋1一 zc in st × (o， oo)，

O＝ Av ＋u-1 in st × (O， oo)，

Ou Ov
Si/t＝5t/＝O on og×(o，. )，

ze(x， O) ＝ uo (x)， v(x， O) ＝ vo (x) in st. 

          ball with the radiiLs 1， of which the center is the origin of R2. 

                       some radially symmetric solzction zL(x，t) to

  ， that is， collapse can occur in the system (3. 2). 

                 uckhaus ［5］， we can construct the subsolution of u

             σ(ちρ)一乱(u一・)dイ(u一・)伽一lxl，・≦ρ≦・・

                            B. tp ＝ ｛x E R2; lxl S vi)li｝. 

Then by integrating the first equa七ion of(3. 2)we ob七ain

                      fB. ，p ｛ ！Zi/ll 一 AZe ＋ XV(ztVv) 一 (1 一 u)｝ dx

                               o2u ou2                         0U

                       ＝ Zt/ 一4poft＋ 一xit'一一 (x-i)u-o

with boundary conditions U(t， O) ＝ U(t，1) ＝＝ O， Jager and Luckhaus constructed a subsolution W，

wi七h parameters O＜ρ1＜ρ2＜1， a，6andρo such that

                              ap
                                     O〈P〈 Pl)
                             P十 T3，

                  W(ちρ)＝or(・一ρ一(ρ・毒ρ)3)，ρ・≦ρ＜・，

wh・・e T一ρ・一bt and Or 一(・一ρ・一(ρ2一ρ・)2/ρ・)一1藩， with b・unda・y・・nditi・n・W(ち・)一

W(t，1) ＝ O.  lndeed， we obtain

         02w aw2 0WS'il-i 一4ptu'5 一〉(f:一2'iih一' 一(＞c-i)w

                            ｛pgbll';，＋2(4-ax)(7ts-fis＋3. 3)，一(x-1)］w， o〈p〈pi，

                            ｛2:bllle3＋th，1-p2)＋1-x(1-r. 1％''，)｝w， pi sp〈1・

Ch…ing th・pa・am・ters sati・fying that bρ3・uM・i・n七ly・mall，α・mall a・4-aX＞Oand 1一、等、＞0，

and)(suf丑ciently large， then七he coef丑cients of W of the right hand side are negative， hence， provided

with the initial functions as W(O，p) S U(O，p)， the comparison is possible.  This implies that collapse

occurs at the center ofΩ.                                        口



38 宇部工業高等専門学校研究報告 第53号 平成19年3月

ACKNOWLEDGMENTS

The author would like to express his hearty thanks七〇Minis七ry of Education， Cultrure， Sports， Science

and Technology of Japan for financial support Grant-in-Aid for Young Scientists (B) No，16740104. 

References

［1］ M.  Hildebrand， M.  Kuperman， H， Wio，

   A.  S.  Mikhailov， and G.  Ertl， Self-OTganiied

   Chemical Nanoscale Microreactors， Physical

   Review Letters 83 (1999)， 1475-1478. 

［2］M. Mimura and T.  Tsujikawa， Aggregαt吻

   Pattern Dynamics in a Chemotaxis Model

   inclzeding Growth， Physica A 230 (1996)，

   499-543. 

［3］ H， Gajewski and K.  Zacharias， Clobal Behav-

   ior of a Reaction-Diffusion System Modeling

   Chemotaxis， Math.  Nachr.  195 (1998)， 77-

   114. 

［4］ M.  A.  Herrero and J， J， L， Ve16zquez， A

   BIow一'up Mechanism for a Chemotaxis Model，

   Ann.  Scoula Norm.  Sup， Pisa IV 35 (1997)，

   633-683. 

［5］ W.  Jager and S.  Luckhaus， On Explosions

   of Solzetions to a System of Pambal Differen-

   tial Equations Modelling Chemotaxis， 'lhrans. 

   AMS 329 (1992)， 819-824. 

［6］ T， Nagai， Blowup of Nonradial Solvtions to

   Parabolic-Elliptic Systems Modeling Chemo-

   taxis in Two-Dimensional Domain， J.  of ln-

   equal.  and Appl.  6 (2001)， 37-55. 

［7］ T.  Nagai， T， Senba and T， Suzuki， Chemo-

   tactic Collapse in a Parabolic System of

   . Matんematicαl Biology， Hiroshima Ma七h.  J. 

   30 (2000)， 463-497，

［8］ T.  Nagai， T.  Senba and K.  Yoshida， Appli-

   cation of the TriLdinger一ハ40ser lneqiLα1吻. to

   a Parabolib System of Chemotaxis， Funkcial. 

   Ekvac.  40 (1997)， 411-433. 

［9］ K.  Osaki and A.  Yagi， Finite Dimensional

   Attractor for One-Dimensinal Keller-Segel

Equations， Funkcia1

469. 

.  Ekvac， 44 (2001)， 441一

［10］ T.  Senba and T.  Suzuki， Parabolic System of

    Oんemoオ翻5'BIOW Up in a. Findte and・tんe面一

   finite Time， Methods Appl.  Anal.  8 (2001)，

    349-368. 

［11］ A.  Yagi， Norm Behavior of Solutions to

    the Parabolic System of Chemotaxis， Math. 

    Japonica 45 (1997)， 241-265. 

［12］ K.  Osaki， T.  Tsuj ikawa， A.  Yagi and

    M. Mimura，恥poπe漉α1且伽αcオorノ「orα

    Chemotaxis-arowth System of Eqztations，

    Nonlinear Analysis: Theory， Methods and

    Applications 51 (2002)， 119-144. 

［13］

［14］

T.  Hillen and K.  Painter， Global Existence

for a Parabolic Chemotaxis Model with Pre-

vention of Overcrowding， Adv， Appl， Math. 

26 (2001)， 280-301. 

M.  Hildebrand， M， lpsen， A.  S.  Mikhailov

and G.  Ertl， Localized Nonequilibrizem
Nanostr2Lctzeres in Surface Chemical Reac-

tions， New J.  Phys. ， 5 (2003)， 61. 1-61. 28. 

［15］ M.  Eiswirth and G.  Ertl， Pattern Forma一

    伽non Oα孟吻オ乞cS2L加。ε5，伽''0んemicαl

    Wavesαnd Pαオオe梛''， eds.  R 1吻剛and

    K Showalter， 447-483， Kluwer， Dordrecht，

    1995. 

［16］

［17］

［18］

T.  Tsuj ikawa and A.  Yagi， Exponential

且伽αC伽for an A. dsorbate-lnduced Pんα8e

Trαnsition. Model， Kyushu J.  Ma七h. 56
(2002)， 313-336. 

Y.  Takei， K.  O saki， T， Tsuj ikawa and

A， Yagi， Exponential Attractor for an

Adsorbate-lndiLced Phase Transition Model

with Periodic BoiLndary Conditions， Differ-

ential Equations and Applications vol， 4， ed. 

Yeol Je Cho， Nova Science Publishers， to ap-

pear. 

A， Eden， C， Foias， B.  Nicolaenko， and

R， Temam， Exponential Attractors for Dissi一一

pative EvoZution Equations， Research in Ap-

plied Mathematics vol.  37， John-Wiley and

Sons， New York， 1994. 



Asym ptotic Behavior of Reaction-Diffusion-Advection Systems (Koichi Osaki) 39

［19］ Y， Takei， T.  Tsuj ikawa and A， Yagi， IVzemeri-

    cal Computations ana Pattern FoTmation for

    Adsorbate-lnduced Phase Transition Model，

    Sci.  Ma七h.  Japonicae， to appear. 

［20］ T.  Tsuj ikawa and A.  S.  Mikhailov， Sing2L-

    lar Limit Analysis of an Adsorbate-lndzLced

   Phase T7「αnsition Model， preprin七. 

［21］ K.  Osaki， Y.  Takei and T.  Tsuj ikawa， Glo bal

    SolzLtion to a Reaction Diff？Lsion Phase Tran-

    sition System in R2， Adv.  Math.  Sci.  Appl. 

    14 (2004)， 559-576. 

［22］ J.  W.  Cholewa and T， Dlotko， Global Attrac一

   オoγ・5伽ノlbstract 1)αrαわ。あ。 1)γroわlems， London

   Mathematical Society Lecture Note Series，

   vol.  278， Cambridge University Press， 2000. 

［23｝H. Hoshino and Y.  Yamada， So lvαbil吻and

   Smooth吻Effecりbr Semilineαr Parabolic
   Equations， Funkcial.  Ekvac.  34 (1991)， 475-

   494. 

［25】A. Pazy， Semigro ul). 5(ゾ五inear Operators and

    Applications to Partial Differential Equa-

    tions， Applied Mathematical Sciences 44，

    Springer-Verlag， New York， 1983. 

［26］ H.  Tanabe， Eqzeation of Evolzetion， lwanami，

    Tokyo， 1975 (in Japanese); English transla-

   tion， Pitman， London， 1979. 

［27］

［28］

［29］

［30］

［24］ A.  Lunardi， Analytic SemigrozLps and Op一

    伽αlReg2Llαr吻珈Pαrabolic Prc)blems，

   PrggllLgss. in. Noplingpr Diffe. reptni'a！. llgyg. tions ［31］

   and Their Applications vol.  16， Birkhauser，

   Basel， 1995. 

K.  Osaki and A.  Yagi， Global Existence for

a Chemotaxis-GTowth System in R2， Adv. 

Math.  Sci， Appl.  12 (2002)， 587-606. 

M.  Aida， M.  Efendiev and A.  Yagi， QiLasilin-

ear Abstract PaTabolic Evolution Eqzeations

and Exponential Attractors， Osaka J.  Math. ，'

to appear. 

M.  Aida， K.  Osaki， T， Tsujikawa， A.  Yagi

and M.  Mimura， Chemotaxis and Growth

System・ω伽3吻iLlar Sensitiv吻Function，
Nonlinear Analysis: Real World Applications

6 (2005)， 323-336. 

M.  Aida and A.  Yagi， Target Pattern SolzL一. 

tions for Chemotaxis-Growth System， Math. 

Sci.  Japonicae， to appear. 

M.  Mimura， T.  Tsujikawa， R.  Kobayashi

and D.  Ueyama， Dynamics of Aggregating

Patterns勿α0んemoオ翻5-Diffu8ion-Groωtん
Model Equation， Forma 8 (1993)， 179-195. 


