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Bifurcation Problem for Eigenvalues

of a Nonlocal Differential Equation

Koichi Osaki' and Kei Miura'

Abstract.  Bifurcation problem for the eigenvalues of a second order differential equation with nonlocal term

is considered.  The problem is from a linearized stability problem for the kinematic equation with global

feedback ［1］.  By differentiating the equation a third order equation is derived， and then the bifurcation curves

of eigenvalues are investigated. 

Key words: nonlocal term， bifurcation problem， eigenvalue， stability， kinematic equation. 

1.  Eigenvalue Problem with Nonlocal Term. 

  In this report we consider a second order eigenvalue problem with nonlocal term:

(1. 1) ' / X'' ＋hf，X X(e) dC ＝pX， o〈x〈 r;

                          x(o) ＝＝ x(7r) ＝ o，

where h G R is a parameter.  The problem is to consider the existence and sign of pa.  Nonlocal

par七ial differential equations appear as nonlocal coupling systems in physics， chemistry and so on. 

The equation (1. 1) is derived from a linearized stability problem ［1］ for the kinematic equation with

global feedback coupling［2，3］，whi6h is a mode1 equa七ion for B Z reac七ion［4】.  The simpli丘ed equation

is denoted as:

(1. 2)

where D 〉 O is a

solution as

        ut : Du. .  ＋h foX u(e) de， t＞ o， o〈 x 〈 7r;

        U(t， O) ＝ U(t， T) ＝ O， t＞ O;

        U(O， X) ＝: UO (X)， O〈X〈 T. 

diffusion coefficient.  To investigate the stability of zero solution to (1. 2) put the

                                   u(ちx)・＝εμtx(の，

and denote p/D and h/D as again pa and h， then the equation (1. 1) is obtained. 

2.  Bifurcation Curves of Eigenvalues and Stability of Solution. 

  Consider the equation (1. 1).  Let us put

y(x) ＝ f，Xx(c) de，

O〈x〈 7r. 
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Then， we have a third order differential equation:

(2・1)    ｛錨認＋㌫2γ(1)笥1π;

Consider the corresponding algebraic equation:

(2. 2) A3-ILA＋h＝ O. 
By C ardano's formula the solutions to (2. 2) are represented as:

                               λ＝2α， 一α士V雪β2，

where

(2. 3) 20r＝(/. ＝'L-L)Llil L一一＝:tL一'''VV'i'' '''ev 一

(2. 4) 2fi＝(/一一＝'L一:一. 一Y-f5:一一＝:一'''VV'. ''' ''rv 十v＝'z-y＝？xL一 ::t一'''vv-x'' 一tN. 

   且ence， the solution to(2。1)is denoted by

                   Y(x) ＝ Cie2as ＋ e-aX (C2 cos VtiiPx ＋ C3 sin V｛ifix)

with constants Ci， i :1，2，3.  Since it is easy to see that

Y' ix) ＝ 2Ci (tze2aX 一 C2e-aX (or cos vi55x ＋ viiip sin vspx)

                                              一 C3e-aX (a sin V5Px 一 viii5 cos Av/iiPx) ，

・一9ん＋》8・ん2一・2塵

18

、一9ん＋》8・ん2一・2μ3'

18

3 9ん十〉/81ん2-12μ3. 

18
.
 
，

3 9ん十V/81ん2-12μ3

18

a system of equations iS derived from the boundary conditions:

        Cl十C2＝O， . 
        2cyCi 一一 orC2 ＋ v/iifiC3 : O，

        2αe3απ01一(αcos V雪βπ＋V雪βsin而βπ)02一(αsin＞「3P'π一～/5βcos V雪βπ)(フb :0. 

Taking Ci 7E O， i ＝ 1，2，3， into account， we obtain an equation for the eigenvalues:

(2. s) F(pa，h) :＝ 2aP (e3a'r 一cos vi5fi7r) ＋ vili(a2 ＋ p2) sin v/iiPr 一一一 o

with (2. 3) and (2. 4).  Solving this equation by numerical simulation， it shows that there exists a

threshold hth('一.  O. 8854) such that for h 〈 hth the eigenvalues pn， n ＝ 1，2，3，… ， are all negative，

while for h 〉一 hth first eigenvalue pa i is nonnegative (see Figures 1 and 2).  Therefore， it concludes that

                  the・ze・・…luti・n・t・(L2)is｛:灘鰍凱h. 
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Figure 1: lmplicit plot of the equation 17(x， y) ＝ O， 一5 S x S 5， (blue line).  The curve does not exist

in the area: 81y2 一一 12x3 〈 O (red area). 
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Figure 2: lmplicit plot of the equation F(x， y) ＝ O，

exist in the area: 81y2 一 12x3 〈 O (red area). 

一50 S x g 50， (blue lines).  The curves do not
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3. Appendix. 

  By the above result we have known the exis七ence of thresholdんth fbr the stability of zero solution to

(1. 2). We shaユ1 compare the resUl七with the usu瓠Fburier mode analysis.  By七he boundary condi七ion

of(1. 1)』let us put the solution X to(1. 1)as

                                    

(3・1)       X(x)～Σαn・i…，0＜x＜π・
                                  n＝＝1

The11， mUltiplying sin nx to the equation of each n and integrating it over(0，π)， we have

         -n2 f。π・in2繍＋Y，T(・一…一)・in繍一μ∬・in2π鵬n一・，2，3，…・

Therefbre， it derives that

                       βれ一π2＋2ん｛≒21≡1)n｝，n ・1，2，3，…・

                                        ハノ                                                                                                  ソ

This also shows that七here exis七s a七hresholdんth＝・｛≒0. 7854 such that fbr h＜hth a11μη，
                                   
n＝1，2，3，…，are negative and for h≧んth nomegative. 
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