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t-e-A-injective module (Z-DV\T

HAFNE
Kazuo Shigenaga *
Abstract

Using a essentially-A-injectivity, Oshiro extended relative injective modules.

In this paper, we define the concept of a t-e-A-injective module which is, in a some
sense, essentially-A-injective module from a torsion theoretic point of view. The
following is our main theorem.

Theorem

The following statements are equivalent for a family of modules {M " 'a € A}.

(1) @ M, is t-e-A-injective.

ach

(2) @ M, is t-e-A-injective for any countable subset I of A.

acl

BYM ,1s t-e-A-injective for any & € A ,and for every

" ,Maz }g {A/[a ’a IS A} and ad € A, with next condition (%) , we choose

any m, e M_ (i=1,23--+) , then the ascending sequence (\m < (\m <--

il i22

becomes stationary.

(%) m 2a (i = 1,2,---), @, :aR - mR (canonical homomorphism)

aR
and /W?il kerp, €O
¥—U— F : ASIEE. h—ayv

1. Z&ff
F£E D module M & * D F£ED
- TyEA 5 S By ST 2 4 »
;_O)uij'C&iR&iZ%"CimjcgﬁO essential submodule N (Zxf L“CMA[— [
H D& L. module 1 right R-module %
on ) Do DML DR EZE
B unitary &9 %, (T(t),F(t)) 1 Eorsmn module &9 %, Zoff %EIE%H%
FRICOWTIT L2 LI3LI4] 2L D,

hereditary torsion theory #®H 5o L.
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2. t-e-A-injective modules
E# 1.

M, A% R-module &£3%, M D te-A-
injective &1L A DAEE D submodule X &{LE D
fX>MiZzx L T

%erf e T(t) 72 51Xk @D diagram ASA[HL L 72

R -homomorphism

% X 9 72 R-homomorphism g :A4—>M »7F
15,

0 X > 4
fl g
M

(FEE 1) M 2t -e-A-injective 72 51E M 1
essentially-A-injective T& %

(EE2) AeF@{) & XM D te-A-
injective & M 73 essentially A-injective {X[F U
BRIZ2 D,

mE 2

M 7% t-e-A-injective 72 51X A DIEE D
submodule B IZ-2WTM |3 t-e-Binjective 7>
e t-e-%-injective Thod,

AEBA

B % A DEE® submodule &35, X

@ diagram % & x5,
0 X —> B A

J (XkafET@n

M 7% t-e-A-injective £V gl ,=f &7%% R-
homomorphism g :A4 — M BEFEET 5,
T g=gly T B L gli=f T

g ' B>M .55 T M te-B-injective. TH
D,
N z NN -A i . ‘:7;, -
I M DS te /B injective (2725 Z &
IZOWT, T diagram (238 W\WT

0 —> X 47

f

[X/BkerfeT(t)]

\
M

KD diagram # % x5, (7,7 12 canonical

homomorphism)

0 X A

' ﬂl

0—> Xy — > 4/

f

M

/
_XI N B:X
kerf=X/, & B < & sy ©

X €T() £ 725, )%er(foﬂ,)z%, i)

)%(er(fon’)ET(t)‘ L7zdio T g[X:fon'
58 A->M PFET D, ZDE X
hdfy oM % kD L5 ERT S,
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Wa+B)=gla). =o hix foECRS,
ZHLT MiZ t-e-%-injective W72 5,
A 3

KIZFETH D,
(1) M » t-e-A-injective.
(2) £EBEDac 41T LT M te-a
R-injective TH 5,

B

Eilll

(1) = (2) ImE 2i1ck5,
(2) = (1) IZ25WT, KD diagram 2
BT

0 X A

f [;@UEn@

M
(X 132 A ® essential submodule & LT k)

ROEAQEEXD
Q={B,.0.JX<B,<A4,p,:B, >M,

B
=05 €TO) )

Q # @ TQ DEED chain 1213 upper bound 73

¢)ﬂ

TET 2L T,

chain

QoFEE D

(X.0)c (B.o)< (B,.0,)c < (B.p,)c

L TB, =UB L ¢, :UB, - M %%
DEIITERT D,
HEDxeUB Iz LTx 280 B, B EET S

oo, (x)=0(x). =5 LT(B,,0,) %2,

B .
verg, €T 62@(

B,
kergol) SAUE

Epimorphic image & LT

Us,/ _B

ker g, el@),

ker @,
LT, (By),p,) i Q DT LD chain ®

upper bound TH25, YVArr DL <Xk

KADBHEET B, #hes, woT(B, o) e
Do TDEEB =AZRDEDITTIED, bL
ByzA L4 D eRDIan DT ERHERD,
a#0, aeA-B, T K={reR|aReB0}

LB LK 2000 aK <B, L%, 20k

X p=@lx & B < & paK—>M T

a[%(erp eT(@). T, 2&¥? diagram T
0 ak

p [a]%er pE T (t))

M
M 7% te-aR-injective £V gl =p &5 B

> aRk

homomorphism g :aR —> M B3 FET 5,

g:By+aR—>M %= K D X 5T E &,

g(bo + ar) =@, (b0)+g(ar) (bo €B,,are aR)

AT/ ()

o & x (B,,p)<(B,+aR,g) & 72 Y

g
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(B, , @) DEEAYEICE T 5, $RICB, =4

M 4 KIEETH D,
(1) IT M, ¥ t-e-A-injective.

ach

(2) fFEEDADTa I LTM, i) t-e-
A-injective.

A (1) = (2) Z2nWT, EEDT

acA. 1EE®D submodule X <4, & fFE®D

R-homomorphism f : X - M (ZBWNT
X : -
/{erfeT(t) LS B m, IM, >M, i

projection & L. ¢, :M_  — II M, idinjection

ael

95,
Loof X > I'IAMa?kerfaof:kerf.@i

K%erf :%erﬁa ofe .

MM, 7

acA

AN N XY

t-e-A-injective
gl y=L,of &7 % X 972 Rhomomorphism
g:A—>al;[AM,1 ﬁ?ﬁﬁ@”%’ao ZZTh=m,og
tBL<Lh:A—> M, Rhomomorphism & 73

WHy=f &b, LEFRSTMIE teA

injective TH %,

(2) = (1) ko<, M=IM, L

el

B2 o

submodule X <4 , £ B ® R
homomorph%sm fX->MT )%(er_ 7 el()

k‘—;—‘éO

ker f <kerm, o f T

X X
kerf_) kerfraof_>0 ( exact )

X €T 1 %emaofeT(f) -

L7273 T R-homomorphism g, : A4 —>M, 7»

T LT gly=m,of. £ 2T R
homomorphism h: 4 >M 2 >ED L5 IZE

%75, Wbhla)=(g,(a). —orx H£ED

sExe XicrtLTh(x)= f(x) 50T Mt

t-e-A-injective TH 5,

EE 5 module DM, jae AhcH L

TKIIEETH %,
(1) & M, i t-e-A-injective.

ael

(2) @M, X t-e-A-injective. (LIXADEED

iel
countable subset.)

(3) EBDmae Azt LTM 13 te-A-
injective TEE D

oM, fe M Jae Ay ae Ax
LCRDEM (%) ZRIcd KO REED
fm e M, |i=123,{#LnLx

ascending chain Nm) < Nm. <. 1 LE

izl iz2

HHE a5,
(%) m’2a" (i=123,-")Co, :aR —>mR

ER L&

( canonical homomorphism )
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el().

ak/
N ker ¢,
i=1

FEBA. (1) = (2) iIm@E 4kv,
(2) = (3) . fEEDOaIZOWTM 3 t-e-A-
injective (G4, (3) DEREZWET LS

iz L ascending chain Nm’ <Nm’ <& L3,

i>] i>2

N ZHSEOEA L LTy =(m)e M, (o5

L RE-homomorphism f:aR — IIM,, ZIRD K

SiEET S, fla)=yr=m)y o R
J=I\izj

homomorphism (Z-2W T/ = U(ﬂ mioj ol AP

Yxal <aRThd, ZD&x % al ZHIR

LT f 2<%, Bb, f=fla
al — GIB\/MQ' £ 5, Ebizker f =) kerg, #
ie ! ieN

sz ad

herfETO B2 BB

©®M, X te-aRinjective 72 7 b K

ieN '
homomorphism g:aR — @ M, BfFfEL TR

ieN

@ diagram AT L 725,

0 al

W A @ finite subset F (2 LTy <OM,

icF !

LB ENbnD, 22T F={1,23,-k -1
L5 B, YI<M, OM,®®M,  £1< HE
BoizkicfLTml=0. =35 LT,

m’ <\m] < [ TEER2 D,
iz2

v,

i

(3)= (1) 12\ T, @ M_ 7 t-e-A-injective

el
TRWET D, ZZTHDLADILalZR LT
® M % t-e-aR-injective T2\, X-oTRD

acA

submodule K 237E7E L TR D diagram # 5 2 %
& % R-homomorphism f:aK — @ M 3aR

aclh

~PLIRTE 720,

0 ——> aK —> aR

£l (e feT@)
DM,

aelA

EH iz ®mE & aK 1T aR @ essential
submodule L KELTLW, Tz FED

finite subset F <A ZxtL T @ M 1L te-ak

ael

injective TH 5. 25 flak)ix & M, \Zidd

acF

Fhiev, E£72 I1 M 1 t-e-aR-injective 72725

acA

aR — T1 M, ~® R-homomorphism g 737F1E L

acA
TRD diagram D3 E[#Z78 D, ZD&E
gla)=me 1M, m=(m,) (m,eM,).

a’<m’=NmThH5s,

ael
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00— aK —> aR

M,

ach

S T . f£ B © keK & % L <
S, =fae Amk %0} LB< L XEEDS, 1ZA
@ finite subset & 72%, L2>LAEE D finite
subset F Cc Al LT mK:f(aK) T O M,

aeF

EEhRY, EhbI=US, s ETIEA

kekK

@ infinite subset. D & & {k,. eK[ieN} 03

ONTIDEBEDKICH L THD o, e,
i-1

FELTZDaelUS, &2, 4.
=

mellM_ T&H50mDM, EJZ’\%:m EB<

ael

Lmk,#0 , mk =0 (j=12,

i—1),

orx a’<(\m, <N\m »>

ach ieN
Nkerp, < kerp, <aR.
ach ieN
aR s aR
ﬂ l(er¢ n ker ¢i —> O &j exact.
acA ieN
Lons @B eT@ & kB Ll

ieN

Am <Nm <--

i>] i22

Fa,

GIBOHEME 2D, T
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