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On The Noetherian ldeal Theory

Hisao IZUMI

    Introduction.  The additive ideal theory of the noncommutative ring with the ascending chain

condition (a. c. c. ) for two-sided ideals has been studied by many authors.  Recently， K.  L r Chew g 4)

has obtained new results. 

    In this paper we have two purposes.  One of them is to examine principal theorems， 'obtained by

Chew and by o:her authors， on the following conditions which are weaker than the a. c''.  c.  :

    (F).  Every ideal of a ring R is represented a s an inte rseetion of a finite number of fi-irreducible

ideals. 

    (K). 」For a〃アelemen's a andわ，(の(δ)'sα伽''のgθπθrα∫θ4 ideal. (K.  Murata〔6〕). 

   The other js to obtain new conditions necessary and sufficent for a ring R with (F) and (K) to

have the property of making any ideal of R be represented as an intersection of a finite number of

primary ideals.  ln such a case it is said in this paper that a ring R has the Noetherian ideal theory. 

    In S 1， on the condition (F) we shall examine ( (4) 3. 3.  Theorem).  ln g 2， on the conditions (F)

and (K) we shall examine thedrems in (2)， (3) and (4).  ln g 3， we shall seek for the conditions which

are equivalent to those that a ring R with (F) and (K) has the Noetherian ideal theory. 

o

    gl.  We use R as a noncommutative ring which has not necessarily a unit element.  Unless

especially mentioned， A， B，・・・… mean jdeals of R and a， b，r・・…， x， y， z mean elements.  The term

'‘ 奄р?≠?' always means ''two-sided ideal'' and (x， y，・・・…) means the ideal generated by elements x，

or，・・・….  We set A:B＝＝｛xl (x)B g A｝， but we put down instead of A: (x) A:x for a simplicity. 

   Definition 1. 1.  An element x is said not to b e(right) prime to A (nrp to A) if A:x-F A. 

'Otherwise x is said to be (right) prime to A(rp to A).  An ideal B is said to be nrp to A if every

element x in B is nrp to A. 

   De. finition 1. 2.  The set ｛xi(x)'' g; A for some positive integer n｝， denoted by A一， is called the

nilpotent radical of A.  lt is easily proved that A一 is an ideal.  Further an ideal n ｛PlP is a prime

〈ljvisor of、4｝， denoted b. γ A， is cal蓋ed the 読Coア，s radiea'o！ノ1. 

   Definition 1. 3.  An ideal A i s said to be (right) primary with respect to the nitpoteni (resp. 

ルtcCoy's)radical if！1:x≠！i implies x∈オ (resp.  x∈A). 

    We shall weaken the concept of the so-called Noetherian ideal theory as follows :

   Definition 1. 4.  R is said to have the Noetherian ideal theory if every ideal of R is represented as

an intersection of a finite number.  of primary ideals. 

   Definition 1. 5.  The set ｛xl(A:x)n Y＝A implies Y＝＝A｝， . denoted by ter(A)， is called the

tertiary radical of A.  A is said to be tertiary if A:x ＝e A implies x E ter(A).  lt is well known that for

any ideal A， ter(A) is a jdeal. 

   Clearly a n-irreducible jdeal is tertiary.  Next， we shall treat the nilpotent radical as the radical of

ideals and examine ((4)， 3. 3.  Theorem). 

   Th…em 1. 1.  L・'th・励・・1・ノ伽1・be th・ゆ・'・・t ・adi・・1.  ln R瞬ゐ(F)'乃・f。〃。痂9

statements are equiyalent to one another. 
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    (1). R加5 theハ「oetherian idea'theorア. 

    (2). 〆1πア∩一irreducible idea'is pr'〃zary. 

    (3). For anアideal. 4α〃d/br anアele〃zent 6， there exis's aρ03'''ve integer〃5〃。乃伽'∠4∩(b)％⊆

・4(b). 

    (4). For anア'4勿1/1， ter(A)⊆オ. 

    (5). Anアteriary'伽1's a〃'mary'伽1. 

   」F「〃ア〃歪er〃lore， 〃セθノb〃owing state〃lent (6) i〃iplies eaeh ρノ'〃e state〃lents (1)一(5). 

  ， (6).  」For anア ideal A a〃d /b7 a〃ア ele〃lent b， there eλゴsts a po sitive integer 〃 s〃ch that

. 4＝(A＋(b)n)∩(A:(b)η)、. 

   Proof. (1)〈＝⇒(2):This is evident from(F). 

    (1)＝⇒(3):If we mind thatδ∈オimplies(ゐ)n⊆∠4 for some positi、 e integerπ， this is proved in・

away similar to McCarthy〔1). 

    (3)＝＝〉(4):This is proved in a way gimilar to the proof of(〔4〕，3. 1.  L£mma). 

    (4)＝＝〉(5):This is evident. 

    (5);⇒(1):From(F)we have. 4＝e1∩(12∩…∩en where each e‘is∩一irreducible， hence(～質s

tertiary and from(5)en is primary. 

    (6)＝＝⇒(3):This ls proved in a way similar to the proof of(〔4〕，3. 2.  Lemma). 

   Corollary.  In R with(F)a〃d(K)， we have'舵『ノb〃owing'

     (i).   State〃len'e (1)一(6) i〃 Tht qre〃軍 1・1 are equivalent 'o ene another・

     (ii).  In Theoハe〃1 1. 1， wθcan replace (3) (resp.  (6))一・. w'ithノ「oUowing (3ノ) (resp・ (6！)):

    (3・). F・r anアide・I A， f・r anア伽紛generated'伽1 N， a〃d for a〃〃・sitive integer k， there

exists aρ03''iye in teger n∫〃ch that！蛋∩N魏⊆！置ハ声. 

     (6，).  」Fo r anアideal！重 and anア！'initel)， generated ideal ハF， there exists a ρ05'''vθ in teger n s〃ch 'hat

A＝(、4十Nn)∩(！霊'ハρ). '

    (iii) Fl〃'her〃lore， if R has theハroetherian ideal theorアthen/br anアノ｝'nitely'generated ideal IV there

exists a positiヅθ'〃teg・〃〃such'加'M∩(o: Nn)＝0. 

   When we tfeat the McCoy/s radical as the radical 6f ideals， the following theorem holds. 

    Theorem 1. 2.  Let the radieal o/ideals be the McCoy's one.  In R w泌(F)the/b〃ow'〃g statements

are equivalent'00〃εanother. 

    (1). R加5'ゐθ1＞betheria〃ideal theorア. 

    (2).   ！lnア∩一irred〃cible ideal'3 pr'marア. 

                                                              り         ほ    (3). For anア'4初15、4 andβ， there exists an ideal・B'5〃ch thet B＝B'and・4∩B'⊆AB・

    (4). 1;br anアideal！重， ter(A)⊆！i. 

    (5). Anアtertiary i‘加1's primary. 

    Further〃lore， the/b〃ow'〃9 statement (6) '〃zplies each o∫the state〃lents (1)一(5)。

                                                              ゆ        ゆ    (6).  」Fb'anアideals！4 and」B， there ex:'5'5 an ideal」B'such that β＝」B'， β;⊇β' and ！1＝(！1十β') ∩・

(！1:B'). 

    Prooノ.  (1)〈＝⇒(2):Thjs is evident

    (1)＿⇒(3)・F，。m(1)， AB-k Qic where eic i・p・im・・y(k-1，…，の， F・・ea・h k， AB⊆e・・

                             k＝1

                                                                        のthen A⊆9んor B⊆蘇.  We may assume that A⊆ei('＝1，…，r)and thatβ⊆(2ゴ(ノ＝叶1・…・〃)・Now

l・・B・一β∩( nｿ(～ゴゴーγ＋1)・・h・n B'一b∩(、己脅)一B・B'⊆B・nd〃r軸・Th・・綱⊆(ゐ、eの∩φ2｛＞

                             Res.  Rep.  of Ube Tech.  Co11. ， No. 9 August 1969

1



On The Noetherian ldeal Theory 9

＝！霊β. 

   (3)＝⇒(2):Let！望be∩一irreduc董ble and let！豊be not primary， then there exists an element b such

that A'b隼！4 and b∈i A.  From(3)， there exists an ideaL8'such that、D'＝(δ)and(！1'b)∩B'⊆(A'b)・

                                                                               ヘノ

(b)⊆・4・Hence！1ニ(A十B')∩(A'b). :But A r b隼;！4 and A十B'隼！4.  For if 14十B'⊆！望， then/1十B'⊆

            酎  勘  ～
A，henceわ∈(b)＝B'⊆A十B'⊆a.  Thus b∈オ.  This is a con重radiction. 

   (3)＝⇒(4):Letκbe an element such that(！猛. ・x)∩B＝！4 implies B＝！l for any ideal B.  From(3)

there exists an幽 奄р?≠?X'such that淫'＝て巧and A＝(！1:x)∩(A＋X'). Then A十X'＝A and hence X'⊆A. 

Thu・》⊆a・and、。 w， hav，(。)⊆A. 

   (4)＝＝・〉(5)and(5)＝＝⇒(1):These are evident. 

                                                                                  の           ほ   (6)＝＝⇒(3):For any ideals/1 and B， from(6)there exists an ideal B'such that B'⊆B， B'＝B

and ABニ＝(AB十B')∩(AB. ・B')⊇(/1石P十B')∩(AB. ・. B)⊇B'∩ノ1. 

    §2. In this section we assume the condition(K)mentioned in the introduction.  Of course jf R

has the a.  c.  c. ，then R has(F)and(K).  Now we shall show that in R with(K)the nilpolent radical

coincides with the McCoy's one. 

   Lemma 2・1・1;br anア'4蝕'・4，オ＝・4 if and o〃1アヴオis a semi prime ideat. 

    ProoL Ifπ＝A andπis not semi prlme， there exists an element b such thatゐ∈オand(b)2⊆オ. 

But∂∈A＝A.  Thjs is a contradiction.  Conversely ifオis semi prime and b∈A， theh there exists a

positive integer〃such that(∂)n⊆オ.  From the assumption bfオ， b∈'オ. 

    Theorem 2・1・F・r any'deal A，オ＝A if and・めヴオ＝・1. 

    Proo/. ‘‘びpart''is evldent.  As to‘‘onlyびpart''オis semi prirhe from Lemma 2. 1Then万is an

intersection of prime ideals.  On the other hand，オ⊆オ＝∩｛PiPcovers all primes containing、4｝. 

Therefore we obtain easilyオ＝π. 

   Lemma 2・2・ln R with (K)，ノbアany ideal A，オ＝A. 

    Proof.  Easilyオ⊆A.  Conversely， if x∈』， then(x)n⊆オfor some positive integer〃.  From(K)，

(x)nis finitely generated， hen㏄((x)n)m⊆、4 for some positive integer m.  Since(x)nm⊆、4， x∈」. 

   Corollary.  In R with(K)， for anアideal Aオ＝A. 
                                          コ
   Defi〃ition 2. 1.  An ldeal、4 is caUed a(right)primal ideal if the set. 4＊＝｛κxis nrp to、4｝is an

idea1. 

   Henceforth， we shall denote the radical of/l withπ， and use、4＊in this sense. 

   Definition 2. 3.  A setハ40f elements of R is called o〃m-system if for any elementg x， y inルf

there exists an element r in R such that xrア∈M.  The null set is also， by the definition， an m-system. 

   Lemma 2・3・血R励(K)・for any t・π切伽1山乃・・αM一｛κ1・'・膨・A｝ゴ… 鷹ア、伽. 

   P/ooプ.  We may assume that MキΦ.  We shall denote the complement of M wlth腔.  Since a

tertiary jdeal is prima1，ルlc is an idea1.  IfルI ls not an m-system， there exist two elementsκ， y inルI

such that xRy⊆Mc.  From(〔3〕，§8， Lemma I)there exists an element z in M such thatω(，う⊆ルtc. 

From(K)we have(z)(y)＝('1，…， tn)， then for each i'乞is nrp to A， hence ∠し'認皐∠L.  Therefore

                          れ 
A'((z)(・))＝A'('・・. ●'・t・)・ :: wi(A'ti) liFI A by th・・…i・・i・y・f・A・…h…h・・h・nd・ A'(ω(・))

＝(A'y). ●z＝〆1. ●z・＝A. This is a contradiction. 

   Definition 2. 3.  If an ideaL4 can be expressed in the form、4＝Tl∩…∩Tn，

where each Ti is a tertiary(resp.  primary)idea1， we shall say that、4 has a ter'iarア(resp.  primarア)

decomposi〃on and the jndividual Ti will be called tertiary(resp.  primary)compo〃ents of the decompos-

ition.  A decomposition， in which no 7乞contains the intersection of the remaining Tj， is said to be
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irredundant.  An irredundant tertiary (resp.  primary) decomposition， in which the tertiary (resp. 

nilpotent) radicals of varioU-s' components are all different， is called a normal deeomposition. 

   Theorem 2. 2. 1ガR w励'(F)and(κ)， anア'deal A has a normal tertiary deco〃lpositゴon

    (2. 1) A＝＝Ti n一・ATn， .  .  '
肋…'θr㈹'・a・P・im・ id・・1！b・θα・h i・ln a〃♪吻・喫ρ脚l t・〃切dec・即・・伽∫・僧・the〃励・・

・〃・・伽ア・卿・〃・廊'勲・・㈱・η鋤・励・・1・・μ忽w・・θ'・・μ・・''・・ア・・卯・〃θ〃'・ω'〃cide w励

each other.  vare shall call them the associated primes gf A.  F. urther， ter(A)＝ter(Ti) fi … n ter(Tn). 

   Proof.  From (F)， we have

    (2. 2) A 一＝ ei n …  n Qr，

where Qi is n-irreducible， hence for each i， ei is tertiary， and from Lerrima 2. 3 ter (Qi) ＝ei'' is prime. 

The rest is obtained from (Y.  Kurata， (7」， Lemma 1. 7， Lemma 1. . 8 and Theorem 2. 2). 

   Corollary.  ・lttsR with (F) and (K)， for any ideal A， fer (A) 1？ A一.  Hence any primary ideal is tertiary

ideal. 

   It is easily proved that an ideal e is primary if and only if eik・，＝ e.  Hence we have the following. 

   Lemma 2. 4.  ln R with (F) and (K)， the radieal ideal of any prtmary ideal C is prime. 

    Proof.  Q is tertiary， then from Lemma 2. 3 e＝e'' is prime. 

    Remark.  Lemma 2. 4 holds in R with only (K).  And also the following Lemma holds in R with

only (K).  But we shall treat R with both (F) and (K) for simplicity. 

    Lemma 2. 5. 1ηRw励(F)and(K)， let(21 and(～2 be帥。 pr'marアidea'3 such that(21＝(22＝P and

let(2＝(21∩e2， then g is primaり・and e＝P. 

    Proof.  Since Qi and e2 are tertiaryl C，'‘＝＝e，＝＝te， (ei)＝＝P(i＝1，2).  From ((7J， Lemma 1. 8) e・is

tertjary， hence e'＝＝ter(e)＝P＝e.  Thus e is primary. 

    In R with (F) and (K)， let

     (2. 3) A＝Ai C) …  n Ar

be a primary decomposition， then from Lemma 2. 5， (2. 3) can be refined into the following normal

primary decomposition

     (2. 4) A-ei A …  n en. 

    Since for each i ter(ei)＝ei， (2. 4) is a normal tertiary decomposition.  Therefore we obtain the

following theorem :

    Theorem 2. 3.  ln R with (F) and (K)， from any primary deromposition of A a normal primary

de，。川ρ。・'伽∫…加ゴ; and't'・・〃・rm・1！・・〃a・yゴ・C・卯・・'伽， t…In・〃アtW・〃・・m・1ρ渤・η

ゴ。C。卯。、肋η・・μ伽・励…〃加・ア・・卯・n・nt・i・伽・伽・・〃d・the rad'ω1・・f th・ tW・・θ'・・プ

ρゆnarアC・卯・〃ents…'πC'de W励・〃e an・疏θ・・

    Definition 2. 4.  For any set M， we shall define the (right)upper M-component of A， denoted by

''(A，M)，、，f。ll・w・・F・・M一φ1・tu(A，M)一A，・・df・・M‡Φ1・t〃(A・M)h・ th・'〃t・・…伽・！

。〃，伽1、wh'。h。。''tain A，・〃4伽'α…〃・h that e・θ・アelement'〃M∫3膨・t伽・

    D，fi。、il、i。''25.  F・・any. m・y・t・m砿w・・h・1】d・fi・・th・(・なht)1・照・M一・・即・〃・nt・f A・d…ted

by 1(A，M)，・・f・ll・w・・F・・M一Φ1・t'(A，M)一A・f・・MキΦ1・t 1(A・M)一｛・(・)＠)⊆A for

someη～∈ル1｝.  It is easily proved that 1(！1，ルのis an ideal. 

    We know the following lemma from (3).  t

    Lemma 2. 6. 伽鰐・et M，・…ア・1・耀'tt'〃Mi・rp t・〃(A，M)・

    Lemma 2. 7. 1(/i，ルの＝｛xxRm⊆！1/br some m∈M｝. 

    Proof.  Let L'＝｛x xRm ［I A for some m E M｝ and let 1(A， M) ＝L.  lf (x)(m) ｛！A for some m in

Mゲth，n・xRm⊆A，・nd h・nce L⊆L'.  C・n・…e］y，1・けRm⊆Af・r s・m・mi・M・Clea・ly i・Rm the「e
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existsη〆inルt.  But， slnce(yRm)⊇(ym'，アR〃)＝(ア)(m')，0)伽')⊆んThus、乙'⊆五. 

    From Lemma 2. 7(resp. (〔3〕，§8.  Lemma l)1(A，ル1♪(resp.  u(A，M)coincides with'1(A，ルの(resp. 

ul(A，M)in〔3〕.  Therefore from〔3〕we obtain the followlng lemma. 

    Lemma 2. 8.  For anアm・∫アstemル1，1(！望，ルの⊆〃(！4，ルの. 

    Furthermore(〔3〕， Theorem 12)holds in our case too as follows:

    Theorem 2. 4.  In R with(K)，ノbr any m・system M〃r！1，M)＝1(A，M). 

    Prooブ・If MキΦ，by the definition〃(！1，ルの＝1(！望，ルの＝ノ1， Ifル1∩/1キΦ， then u(ノ望，ルの＝1(/1，

ルの＝R. And we shall show that， if MキΦand M∩A＝Φ，every element m in M is rp to五＝1(！4，M). 

    Suppose that(x)伽)⊆Lfor some m in M。 From(K)，(x)伽)＝(ti，…，tη)where， for each i， t，;∈

乙，then there exjsts mi∈ルf such that(ti)(mi)⊆！4.  Since M is an m・sysすem， there exists〃・＝M1κ1

                                                                                   れ
M2…xn・1 Mn∈Mwhere eりery xi is in R.  Now，(x)(m)(m')＝(tl，…， tn)(m')⊆(tl，…， tn)(∩＠'))

                                                                                  乞置L

⊆！4. Of course，伽)(m')⊇mRm'， then there exjsts an element m''in＠)伽')∩〃， and hence(x)・

(ア)(〃1'')⊆A. Thus x∈L， and hence〃(！1，ルの⊆L.  The converse inclusion follows from Lemma 2. 8. 

    From the proof of(〔3〕， Theorem l3)we have the following theorem:

    Theorem 2・5・ln R， for arry'n-system M〃(A∩B， M)＝u(A，ルの∩〃(B， M). 

    From now on， jfル1＝Pc， where Pf is the complement of a prjme ideal P， we sha】l write u(A，P)

(resp. 1(！蛋，P))for u(！4. ノ㌧の(resp. 1(！先ルの). 

    We can prove the followjng lemma and coroUaries in a way simi】ar to(〔3〕， Theorem 14， CorolIary

2and Corollary 3). 

    Lemma 2. 9.  Let！l be an ideal oノ」R with(F)and(K)， then every a∬ociated prime ideal o∫，4'5

nrp t・Aa〃d every ideal that is n・p t・Ais C・ntained'〃・ne・f the a∬・ciated primes・/A. 

    Corollary 1.  In R with(F)and(K)， marimal nrp to！l ideal co'〃cides with o〃θo/the ass‘)ciated

primes of！1. 

    Corollary 2.  Let P be a prime ideal o！R with(F)and(K)， then！4＝〃(A， P)ゲand only'ズevery

O∬OC'α翅μ〃ze of A is contained in P. 

    Corollary 3.  In R with(F)and(K)， for any ideal！l and/br a〃アits prime divisor p，〃(、4， p)'∫

the inlersecti/・n・/a〃ide・ls c・ntai〃'〃9 A wh・se a〃a∬・ciated prime ideals a，e c。吻'''ed in P. 

   Theorem 2。6. 」rn R with(F)and(K)if A is a primal ideal， then！4＊'sαprime ideal，

   Proof. 正et！4＝Tl∩…∩Tn be a normal tertiary decomposition of！望， then from L. emma 2. 9. 

Coro皿ary 1， we easily obtain that！4＊＝ter(Ti)for some'. 

   In〔5〕・W曾E・Barnes・expanding the concept of the upPerル1-component， has defined the upPer

B-component for any ldeal B containig A.  That is， u(A， B)'5 defined as〃(/望，M)where M is the set

of elements that are rp to B.  Of course， M is not alWays an m-system. 

   Lemm・2・10・L・t A・nd B b・・ny・id・・1・・f R with(F)a・d(K).  Th・n A一〃(A，B)び・nd。n！y if

・・〃ア・∬・ei・t・d・P・im・・〃'・C・〃繍・d'〃an・∬・ciat・dρ吻β'd・al・ノB.  F〃〃厩〃(A，B)'、 the

intersecti・n・f all・ideals c・ntaining A each・f wh・se a∬・eiated prime ideals is c。ntained・in。''ass。eia，ed

prime'4勿'of B. 

   Proof.  Let M be as stated above.  Now，4＝〃(A，. B)〈＝⇒A＝〃(A，ルのく⇒each element m inルI is

rp to！1〈＃⇒. each element nrp to！望is nrp to B〈＝⇒each associated prime ideal of！望is contained in an

associated p「im・ideal・f B・F・・t与…u(A・B)一〃(A・切一∩｛CC⊇A and each・1・m・n・mi・M・i…p

to C｝＝∩｛D∠)⊇！4 and each element x nrp to 1)is nrp to B｝＝∩｛E E⊇！I and each associated

prime ideal of E is contained in an associated prime ideal of B｝. 

   Theorem 2. 7.  In R with(F)and(K)， let B be an idea'with associated primes IPI，…，P'n. ， then
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u(A， B)＝ Au (A， Pi). 

         乞謂1        1 ， 9  〈

   Proof.  The proof is exactly the samg as in the case of ((3)， Theorem 15). 

   Theorem 2. 8.  ln R with (F) and (K)，let P be an associated prime of A， then P is nrp to u(A，P). 

Further u(A，P) is a P-p，rimal.  : ，. … ，. 

   Proof.  This js also proved in thg sa｛ng vy，qy. . as . ，((3)， Theorem 16). 

   Corollary.  ln R with (F) and (K)， let.  Pi，・・，/， Pn be the maximal. nrp' tb A ideals， then

         A＝＝u(A， Pi) n … f)u(A， Pn) . .  一

is a primal decompo sition ・of A.  . . 

   P…f，F・・m正・mm・2. 9.  C…l13・y 1， evg・y P・i・prim・・Thg re・肖・p・・v・d」・the same way as

((3)， Theorem 16.  Corollary). 

   Following ((3)， Theorem 17)， vv'e obtain' the following theorem. 

   Theorem 2. 9.  ln R with (F) and (K)， let P be a minimal prime divisor of A， then u(A，P) is a

P-tertiary ideat. 

   Proof.  Let P be a minimal prime divisor of A and let

                                        n
    (2. 5) u(A， P) ＝ Ti fi '…  n T，，

be a normal tertiary decomposition where ter(Ti)＝Pi for eaeh i.  From Lemma 2. 9， each Pi is nrp to

u(A，P).  On the other hand， any element that is not contained'in・P is rp to u(A，P) from Lemma

2. 6.  Hence for each i Pi g; P.  Since Pi is a prime divisor of A， Pi＝P for each i.  Therefore from

(2. 5) u(A，P) is P-tertiary. 

   Lemma 2. 11.  ln R with (F) and (K)， let

         A＝ei A ・一 fi en

わ，副〃edund。nt. P，imarアd・・卿・・'〃・・.  Th・n・a・伽・nt・・ is'卿浸び姻・めか・'・C・・繍・d'・

each eiC. 

    Proof.  Each prjmary Q is tertiary.  Hence for' each i， Qi＝ei'＝＝ter(ei) is an associated prime

divisor of A.  Thus from Lemma 2. 9 the proof is completed. 

    Theorem 2.  10.  ln with (F) and (K)， tet

         A＝Qi n … i'一''i e. 

わ，。。艀，興味ρ伽，卿・。卿・・∫伽幽・σ・一P・，伽伽醒'伽1 P・im・伽・…fA are ・xa・'砂

those primes which are minimal in the set Pi，…，Pn. 

    Proof.  Let P be a minimal prime divjsor of A， then P contains at least one of those Pi，…， Pn. 

In fact， from the assumption A一＝Qi f)…fi e'n ＝Pi n…n Pn ｛ P， hence Pi P2…Pn gP.  Thus P 2 Plt

for some k.  Since P is a minimal prime divisor of A， P＝Pk.  Hence the converse is obvious too. 

    C。，。11。，y.  L，'Rゐ。副〃g働(F)，(K)a・d・h・N・・th・廊〃id・al'乃・・rア・'加・卿id・・1伽。'

most a finite number of minimal prime divisors. 

    Lemma 2.  12.  ln R with (F) and (K)， let

         A＝＝ei A… fi en

b。a P，im。，y. dee卿・・〃'・π・f A吻e Pt-e''・ for ea・h i・lf・P i・・ρ翻・id・al・whi・乃・・伽・P・ヂ●・P・

but does not contain Pr＋i，… ， Pn， then u(A， P) ＝Qi n … n er. 

    Proof.  From Lemma 2. 10， u (A， P) g ei n … n er.  Conversely， for each j＞r， P;P e」.  ln fact， if

P III？e」'， then一 R ll｝，P」， This is a contradiction.  Hence for each i (1s:. i〈e n-r)， there exists an element

mi in er＋i such that mi C P.  Since PC， the complement of P， is an m-system， there exists m＝mi ri

m2 … rn-r-i mtt-r E PC where ri E R.  Hence m E er＋i n … n Qn.  Therefore， for any element q E ei

n … n Qr， (q) (m) E eif) … A en＝A.  Thus q E l(A， P).  lt follows that u(A， P) ＝＝C1 n…fi er. 
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    Theorem 2. 11.  In R with(F)and(K)， tet      、  ・

     (2. 6) A＝(～1∩… ∩On

ゐθanor〃ial pr'η70りノdecompos'''on o∫！望.  The〃ノ～)r anア、prime'deal P≠・R ｝vhieh contains/1， P＝eiC/br

some k if and Oめ・ヴP'S nrl，'0〃(A，P).     .    ，

    Pアoo∫.  For each'， Iet(～‘＝Pi. .  As to‘‘onlyガpart''， from Theorem 2. 3 P js an associated prime

ideal of！霊.  Therefore， from Theorem 2. 8， P is nrp to〃(∠，P).  As to‘‘if part''， it is proved in a way

similar to the proof of(〔2〕， Theorem 18). 

    Now we shall defjne the following condition weaker than the Noetherian ideal theory. 

    (H).  For o〃アideal！1，ぴter(A)is prime， then ter(のis a mi〃ima1 prime divisor of/1. 

    Theorem 2. 12.  Let R be a ring w'th(H)，(F)and(K)， and let

     (2. 8)  ノ4＝71∩。・・∩Tn

ゐθanormal'er''arア4θco〃2ρ03f''o〃。ノ∠where P乞＝'θア(7∂プbr each'，'乃θπノb7卿se'of ideals Xl，…，

. Xn satisfン'〃8・！望⊆脇⊆Ti and ter(脇)＝Pi. ノbr each'，

     (2. 9) ！望＝〃(X1， P1)∩… ∩u(Xn， Pn)

. is a〃or〃la〃ertiary decomposition O！A. 

    Prooプ.  From！1⊆冶⊆Ti⊆Pi and from Lemma 2. 9.  Corollary 2， A⊆〃(蕊， Pの:⊆〃(Ti， Pの＝

『Ti.  Since ter (Xi)＝Pi， jt follows from(H)that Pi is a minimal prlme divisor of Xi for each i.  Then

from Theorem 2. 9， u (■i， P∂is Pi-tertiary.  Now，！望⊆〃(X1，」P1)∩…∩u (Xn， Pn)⊆71∩・・「Tn＝

. /1，hence(2. 9)follows jmmediately。 An irredundancy of(2. 9)is obtained from Theorem 2. 2. 

    Corollary.  Lθ'Rわθα7加g with(F)，(K)and the Noetherian ideal theory and 1θ'

     (2. 10) ！1＝(～1∩… ∩(～n

加anorma'primary decomρO sit ion of A where Pi＝(2¢ノbr each'.  Thenノ∂1 anアset O∫idealS XI''…，Xn

satisfソ'〃9！望⊆. ￥i⊆(2i and Xi＝・Pi/br each '，

    ！4＝u(Xl，P】. )∩…∩〃(■n， Pn)

is a nor〃ial primarアdecomposition of A. 

    Remark.  In above corollary， for each i let Xi＝(pzni∩(～i)十A for any positive integer ni， then

蕊satisfies that、4⊆Xi⊆ei and X'i＝＝Pi. 

   Dθヵ〃ition 2. 6.  An idea1！1 is called a quasi P-primary if A is a prime ideal P. 

    Theorem 2. 13.  Let R be a ring with(F)，(K)and theハ「oetherian ideal theorアa〃d let P1， P2，＿， Pr

加minimal prime divisors of A.  Then there exis'S伽set of idealS XI， X2，…，X。5〃ch伽ちノbr each i，

Xi＝ Pi and s〃ch伽'

    (2. 10)  ！4＝Xl∩… ∩Xr

、is a〃irredundant q〃asi primarアdecomposi〃0〃of A. 

   Proof.  Let！4?1∩・・∩(～n be a normal primary decomposit｛on of！望where(～i＝Pi for each'， and

let Pブ⊇pi(力(r〈ノ≦n，1≦i(プ)≦r).  If l＝'(ノ1)＝…＝ゴ(ノ‘)， then we shall set X1＝ei∩(］ノ1「「…

                                                                 ロ                                              

∩(～ノ‘，and then Xl⊆el and X1⊆e/1，…， X1⊆Gノ‘， hence Xl＝(～1∩(～ノ1∩…∩(2ノ‘＝P1∩君11∩…∩

Pjt＝P1， and so on.  Now we have！4?l∩・・∩en⊇Xl∩…∩Xr∩(～γ＋1∩…∩(｝n⊇Xl∩…∩Xr

⊇A. Hence we obtain(2. 10).  If ￥i⊇X2. 』 ｿ…∩Xγ， then 71⊇)『2∩…∩7γ， hence P1⊇P2「…∩Pγ

⊇P2 P3…Pr.  This js contradictory to the fact that PI is a minimal prime divisor of∠. 

   Theorem 2. 14。 Let R be a ring｝vith(F)，(K)and the 1＞betherian ideal theorア， and 1θ， p be a prime

divisor of A.  Then the/bllowing statements are equivalent'O one another. 

   (1). Pis a〃珈imal pri〃le diり'sor of A.          . 

    (2).  〃(A，P)'汐Pψr'〃1ary. 
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   (3).  There e xists an ideal X such that A g X， )r＝P and u(A， P) ＝u(X， P). 

   (4).  There exists an ideal X such that X＝＝P and X ｛ll; u(A， P). 

  ・・ Further each of the statements (1)一(4) implies

   (5). 〃(A，P)ゴs a履〃ノ脚1 primarア4'visor of A. 

   Proof.  (1)o(3) : From Theorem 2. 10 we may assume that P＝P1 in that theorem.  Then in

Theorem 2. 13 u(A， P)＝＝u(A，Pi)＝u(Xi，Pi)n…nu(Xr， Pi)， where Xi 2 A for each i and Xi，…，

Ir are exactly minimal prime divisors of A.  And then for k＝P 1， Xk gi Pi.  ln fact， if Xic g Pi， then

Iic ｛！ Pi， and this is a contrad iction.  Hence u(-k， Pi)＝R.  Therefore u(A. ， P)＝u(Xi， P) where A gl Xi

and Xi＝P. 

   (3)o(4) : This is evident. 

   (4)＝o(3) : For X in (4) let Y＝A十X， then it is clear that Y 2 A and MY＝P.  Hence A g Y gl; P and

u(A， P) gu(Y，P). On the other hand， from (4) Y g u(A，P)， then u(Y， P) gl u(u (A，P)，P)＝u(A，P＞

from Theorem 2.  4. 

    (3)＝o(2): Since P is a minimal prime divisor of X， u(X， P) is P-tertiary;consequently it is

P-primary. 

    (2)＝＝〉(1) : lf there exists a prime divisor P' such that A g P'CP， then u(A， P) ［II u(A， P') ［！1 P'. 

Hence 一 ? iA， P) g P'.  This is contradictory t o u(A， P)＝:P. 

    (1)o(5) : Let e be a primary ideal s uch . that u(A， P) ;？ e l12 A， then P ！？ e， and u(A， P) g e. 

Hence u (A， P) ＝＝ e・

g3.  We shall define the followjng condition:

(Q).  Every ideal of R is represented as an intersection of a finite number of quasi primary ideals. 

It js clear that R with (F) has (Q) jf and only if every n-irreducible ideal is a quasi primary ideal. 

Theorem 3. 1.  ln R with (F) and (K)， the foltowing statements are equivalent to one another. 

   (1). 

   (2). 

   (3). 

   (4). 

   (5). 

   (6). 

   (7). 

   (8). 

of A. 

   (9). 

   (10). 

   (11). 

   (12). 

   (13). 

   (3. 1)

be anア

Pl，'''，

   (14). 

R has the Noeherian ideal theory. 

in Theo rem 1.  1. 

in Theo rem 1. 1. 

in Theo rem 1.  1. 

in Theo rem 1.  1. 

'パTheorem 1. 1. 

Fo r any ideals A and B， there exists an ideal B' such that 」 :ti' and A n B'gAB. 

F。，・a。ア'd・・1∠，a・y・P・im・'伽1PW轍'・脚'・・(A，ρ)・Cα〃・・∫・・a∬・伽・dρ加θ'd・・'

        F。・・anア'伽砿一六肋・1 P・ime d'・'∫…fA・・α・r・as・・as∬・・ゴated・P・ime ideal・f A・

        Fo r any ideals A and B sueh that A g B， ter (A) g！ ter (B). 

        R has (H)， and for any ideal A and for any its minimal prime divisor P， u(A， P) is primary. 

        R has (H) and (Q). 

        凡)r a〃γideal A， let

        A＝Tl n… nT. 

      no rmal tertiary deeomposition of A where Pi＝＝ter(Ti. ) fo r each i.  lf a prime ideal P contains

      Pr and if it does not contain Pr＋i，…， Pn， then u(A， P)＝Ti n…n Tr. 

        Let the c。π4肋πわθ伽3α鷹α∫'π(13). 写P'3α繍'〃221ρ翻θ4'y'∫・r・f A，'伽〃(A，P)一

Ti for some i. 
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    (15). For any ideal A and/br anアits〃iinimal prime divisor P1， there 8κ'5'餌〃ie divisors・Pl， P2，…，

Pn O/・4 a〃d idealS X1， X2，…， Xn 5〃ch伽'ter(Xの＝Pi/b r each'， a〃d S〃eh that

    (3.  2) A＝u(Xi， Pi) f) u (-2， P2) n… n u (Xn， Pn)

is a no rmal tertiary deeomposition of A. 

    (16).  For anア ideal！l and/br any 'ts〃2加∫〃ial prime divisor P1， there ex'st ideals. Yl， X2，…，. Yγ

一such thet ter(Xi)＝＝Pi and such that A＝ Xi n X2，)…ft Xr is an irredundant decomposition. 

    Proof.  lt is obtained from Theorem 1. 1 and Theorem 1. 2 that the statements (1)一(7) are equiva-

lent to one another. 

    (1)o(13) : Let (3. 1) be any normal tertiary decomposjtion where Pt＝ter(Ti) for each i.  From

  (1)， jt is a normal primary decomposit'ion31too; consequently we also have， from Lemma 2. 12， that

. u (A， P) ＝＝ Ti n… fi Tr.  一'
    (13)＝＝＝＝〉(8) : Let a prime ideal P be nrp to u(A，P)， then u(A，P) ＝＃ R， hence A g; P.  ］'n (3. 1)

・if P contains Pi，…， Pr but if it does not contain Pr＋i，…， Pn， then， from (13) we have

    (3.  3) u (A， P) ＝＝ Ti n… fi Tr. 

    It is clear that (3. 3) is a normal tertiary decomposition， and therefore from Lemma 2. 9 P(Il Pi for

'some i (1 S.  i. :;ll.  r).  But sjnce P 2 Pi we have P＝Pt. 

    (8)'＝＝ 〉(9) : From Theorem 2. 9， this is evident. 

    (9):＝〉(4) : For any jdeal A， A一＝n ｛Ci C is a mjnjmal prime divisor of A｝ ll｝ n ｛DlD is an as-

sociated prjme divisor of A｝＝ter(A). 

    (1)o(14) : From (9) a minimil prime divisor P of A is a minimal associated prime ideal of A. 

Then in (3. 1) P contains only some Pi， hence from (13) u(A， P)＝Ti. 

    (14)o(5) : Let A be a tertiary ideal and let P be a minimal prime divisor of A， then we have，

from (14)， u (A， P) ＝ A.  Therefore from Lemma 2.  9 Corolla ry 2， ter (A) ＝＝ P， hence ter (A) ＝ A一.  Thus a

tertiary ideal is a primary. 

    (1)＝＝＝〉(10): For any ideal A ter(A)＝A， and we obtain (10). 

    (10)＝＝＝＝〉(5): Let A be a tertiary ideal and let P be a minimal prime divisor of A.  Since P js

primary， P is tertiary.  Then P ＝P''＝ter (P).  As A g P， from (10) ter(A) gl; ter(P) ＝P.  Thus ter (A) ！ A. 

    ( 1)＝＝〉(11) : This is evident from (4) and Theorom 2.  14. 

    (11)o(5): For any tertiary ideal A， ter (A)＝＝P is a minimal prime divisor of A from (H). 

Hence u(A， P) is primary.  On the other hand， from Lemma 2. 9.  Corollary 2， u(A， P)＝A.  Thus we

obtain (6). 

    (1)o(12) : Thjs is evident from (4). 

    (12)＝＝＝〉(2): For any a-irreducible ideal A， from (Q) A一 is a prime P and from (H) ter(A)＝P. 

Hence A is primary. 

    (1)o(15) : This is evident from Theorem 2， 12.  Corollary， its Remark and (9). 

    (15)o(5) : For any tertiary ideal A and for any its minimal prime divisor P， from (15) there

exists an idea1■such that A＝〃(X，P)勧d ter(め＝P.  We shall show that ter(u (■，P))＝P.  Let

X＝Ti fi…fiTs be a normal tertiary decomposition， then P＝ter (X')＝ter(Ti)n…nter(Ts).  Since a

prime idea目s∩一jrreduclble， P＝ter(Tic)for some k.  Hence from Theorem 2. 8，〃(X，P)is P-prjma！. 

And since u (X， P) is tertiary， ter (u (X， P) ) ＝＝ u (X， P) ＊＝ P.  Thus ter (A) ＝＝ P.  Since P is any m inimal

prime divisor of A， ter (A) ＝:A. 

    ( 1)o(16) : This is evident from Throrem 2.  13. 

    (16)＝＝〉(2):For any∩一jrreducible ideaレ｛and for any its minimal prime divisor P， from(16)

there exists an ideal X such that ter(X)＝P and such that A＝ 」)r.  Hence ter(A)＝P.  Since P is any mini一
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mal prime divisor of A， ter (A) ＝＝A. 
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