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Induced Velocity of Propellers at Zero Advanced

Ratio in Consideration of Slip Stream Contraction

by M. Takeshige*

1. Summary

The formula for the calculation of propellers has been introduced by M. Iwasaki, S. Kawada T, Mo
riya. Applying these formula in the calculation, the cylindrical voltex sheets have constant radius without
contraction.

Practically visualisation of the flow through a model roter by means of smoke has shown the contrac

tion of the herical wake, so the author tried to lead the formula in consideration of slipstream contracti-

on, using Moriya’s mathematical expression for the herical wake

r/

X

ds :

: angle measured between tanzential line at the point P and the line PQ

9. List of Symbols

: parametric variable of a helix

: number of blades

: velocity of oncoming flow

: angular velocity of propeller
1 V/e

: circulation round a blade

: distance of any blade element from axis of propeller

: distance of any blade element from the axis of propeller which is located on the y-axis

: tip radius of propeller

: distance between the point P on the helical vortex filament and the point @ which is located on

the blade passing through the y-axis

length of vortex element

: corresponding speed ratio of the propeller

3. Co-ordinate System used in the Description of Herical wake.

For a description of the helical wake, a non-rotating co-ordinate system fixed in space. The cartesian

co-ordinates x, y, z or cylindrical polar co-ordinates r, ¢, z will be used with the usual relationships
between them.

if the position of P is stated in cylindrical co-ordinates P(x’, y’, z’),its cylindrical co-ordinates are

given by (See Fig. 1)

x’=hg, y’ =re P’ cos ¢k z/=re"P¢ sin ¢i

with » positive and ¢ is parameter
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Fig. 1 the geometrical relations of the wake spirl

4. Basic Equation

In the Biot-Savart law, the following expression is obtained for the induced velocity dw at the point Q
due to an element of length ds on the wake helix of strength dI" at the point P
dr’ siny
4r  R?
where R=PQ=Vh2 24+ (re—?s cos px—r’)2+r2e—20¢ Sin? gk

=+/r2e-20¢ _2rr’e~p¢ cos gr+r’2+h2 ¢?

dw = —

The equation of the line PQ can be written as

x y=r _ z

“he " re—Pe cos gx—r’  re—P¢ sin ¢k

and the equation of tangent of the herical wake at the point p can therefore be written as

X—hg y—re P® COos gk __Z—re~P¢ sin gp
h ~ —rpe—?¢ sin ¢x  rpe P cOS ¢k

/| re=Pe cos gx—r’ re=p sin g ‘2 re=7¢ sin gk h(p \‘-’ hy re=?¢ cos gx—r’ |

i—rpe~P? sin pr rpe~?¢ COS ¢ | 1 rpe—P¢ COS (p;,h <h _—rpe-P¢ sin gk

where siny=
R - ,\/ h2 + r2p2e‘2p¢

and ds=+/(dx’)2+(dy’ )2+ (dz’)2=Vh2+r2 p2 e-2p% dy
The indnced velocity is perpendicular to R and ds.

If directions of cosine are given as /, m, and n, we oblain
lhe +m(re—7% cos gr —r’)+nre —P¢ sin ¢r=20
Uh-+m(—rpe-P¢ cOS ¢r)+npre=?¢ sin gr=0

Let Azt/re‘w cos gx—r’ re=v¢ sin g 2 [re~Pe sin ¢k hy ‘2 he re-re cos gr—r’ 2

; . 41
—rpe—P¢ sin ¢ Fpe—P? COS ¢r: rpe—Pe cos ¢r h \h —rpe~P¢ sin g
then direction of cosine becomes respectively

re=Pe Cos ¢gr—r’ re-?¢ sin ¢k

1]
Ai —rpe—P¢ sin ¢x rpe=P¢ Cos ¢k
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1|re—?? sin ¢r he

Arpe—w cos ¢ox h

n _l;hga re=p¢ cos ¢gr—r’ |

Aih rpe-v¢ sin ¢

Here the element of indnced velocity in the x-, y-, and z-directions at the point Q are given by.

dw.— L|rePe cos gx—r’ re"P sin ¢k dw
4 —rpe—F¢ sin ¢x rpe-P? COS ¢>k§
1 |re—Pesin ho dw
dwy =" ok he |
rpe—?¢ cos ¢ h|
1lhy re—r¢ cos gx—r’ |dw
sz—i (0 ¢7k l
h rpe-7? sin ¢x \
or dwz=Ildw dwy=mdw dw:=ndw

Fig. ¢ tke speed diagram for the blade element at radius r’.

so that the induced velocity which is normal to the resultant speed +/ V24 (1’2)2 at the point Q(o, r’. 0)
becomes dwn,=dwz cos ¢ —dw; sin ¢

e . v g
IR T Y Z RN T R
substituting Biot-Savart raw
_dIr siny Qr’ 1—Vn
T4 REY Jyzigz 2

using equation sin v, ds, [/ and n.

Qrr’ e |re-ve cos or—r’ sin ¢k |—Vh ¢ re-? cos or—r’ |
d dr de —rpe-?¢ sin ok p cos cx | ¢— rpe=7¢ sin o
" 4r RSB V2 (r'9)2

V .
dr _Q[rr’ pe-P¢(re-P¢—r’ cOS qak)+‘§h{re-w (py sin ¢r+cos (ﬂ].;)—r’}]

=T 4% Vr2e=00v—2rr’e-0 cos vk+r’ 2+ h2 o2 3V V2+ (' 9)2

ro r ‘{r _ r’ ) V\)i’{r _ . r’}
. dep R RPe pe RE P9 —"RCOS @k +( oR ' VR® Pe(pp sin @r+COS wk)—~R~
T 4aR"’ SieNg 0 S 7
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by introducing the nondimensional quantities
_r S _r
=R, &/ = R and 2= 7

dI' & +&’ pe—ve(§ e e-Pv—&’ COS wk)+12j$e-PW(pw sin ¢x+cos ¢x)—§’}

=T 4R VE2Z 20026 « £/ e~Do COS pr+E/2+A2 2 PV A2+E72 de
after all, the complete multiple integral for the contraction is obtained as
1 d\rd ©
Wa(E7) = S _ds ¢ % S £ é’pe*?ﬂ(j-_e’-W—E’ cos o) +12{fe-P2(py sin or+ cos ¢x) —&”} d
" o 4RSI VE2 e-20k — 2887 e~ P cOS ¢r+E724+ 22 2 VE/2ZH]2 v
dr
1 —"dé
N A
or wa(¢) = | 4R €%

The value of T is induction factor and represents a correctional factor.
5. Recommendations for Futnre Work

(1) The anthor shonld like to calculate the values of I and compare with the values which hane been
clarified by T. moriya
(2) Experirnental sindies of tip volticity might be taken into consideration in mathematical model.
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