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Abstract

A holomorphic mapping f on an open subset U of a locally convex space E into a locally convex space
F is generally not locally bounded, much less compact. Moreover, if £ and F are Banach spaces, then f
is locally bounded, but it is not always compact. However, we shall show that, if E is a Schwartz space and
F is a Banach space, then any holomorphic mapping on E into F is compact on E. We next describe the
relation between the compactness of holomorphic mappings and that of xn-homogeneous polynomials
obtained from the holomorphic mappings for all #». Finally, we shall get the result that, if a holomorphic
mapping on a connected open subset U of a normed space with values in a Banach space is compact at some

point of U, then it is compact on U.

Introduction

When E and F are Banach spaces, R. M. Aron and M. Schottenloher [1] introduced a conception of
compact holomorphic mappings on £ into F. They showed that any holomorphic mapping on E into F
which is compact at some point is in fact compact on E. We refer any notation used in this paper to S.
Dineen [2] .

Compact holomorphic mappings on locally convex spaces

Let E and F be locally convex topological vector spaces over the complex numbers, and U be an open
subset of E. A mapping from U into F is said to be holomorphic if it is continuous and Gateaux
-holomorphic. We let H(U;F) denote the vector space of all holomorphic mappings from U into F. We
let P("E;F) denote the set of all continuous z-homogeneous polynomials from E into F for every positive
integer ». If a mapping f from U into F is holomorphic, then for every & in U there exists a unique
continuous z-homogeneous polynomial d"f (&) from E into the completion £ of F for every nonnegative
integer » such that

_ g 4
f(£+y)—n§0 n! (y)
for all ¥ in some neighborhood of zero in E. Moreover, we have
df(&) )= L FE+Ay)
n! )= 2mi ‘f Al =p,  A™! da,
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where a pbsitive number p, is chosen so that &+ {Ay; |A| £p,} CU.

Derintrion 1. Let E and F be locally convex spaces, U be an open subset of E, and x<U. A mapping f
from U into F is said to be compact at x if there is a neighborhood V. of x such that (Vy) is a relatively
compact subsét of F. f is said to be compact on U if f is compact at all points x in U. We let Hy (U:F)
denote the vector space of all compact hblomorphic mappings from U into F.

If E is an infinite dimensional Banach space, the identity mapping of E is a locally bounded holomorphic
mapping which is not compact. Thus, holomorphic mappings are not always compact. However, if E or
F is finite dimensional, we have Hx(E;F)= H(E;F). Moreover we have the following result.

T‘HEOREM‘2: If E is a Schwartz space and F is a Banach space, then Hy(E;F)= H(E;F).

Proor. Let a symbol || « | be a continuous norm on F. Let f be in H(E;F). ‘We first show that f is
compact at zero. There exists a convex balanced neighborhood U of zero in E such that '
(1) sup | fix) | <co.

oxeU

We put M :sup g}f(x) | . By the Cauchy inequalities, we have

|28 |

for every x in U and every non-negative integer n. Let L, be the continuous symmetric #z-linear mapping

from. E into F associated with % for every positive integer n. By the polarization formula,

| Ln (1, Zyreeeee, %) | <

for any x;, x,,------ X, in U. Let p be the gauge of U. Since Ay& U for every complex number A and every
y&p~H0), we have

n

n
I L (/U’,?Q, ------ ) | == M
for every A&C and any - , %< U. Hence, for every nonzero complex number A and any x,, X, ,
xEU,
1 n"
0 X K eeeees < :
HLn(y’%’xS, ,xn)“:'A,] n,M
. 1 n"
Since —— ——+ M—0 as A-—oo, we have
A | !
L, (y,x;, ...... L x%)=0
for every y&p~%0) and any x,-:--- , x,<E. Since L, is symmetric, hence, we have
Ln (xly -XQ, """ ’ xﬂ):() . .
for any x, x,,---- , x,<E such that p(x;)=0 for some . Let x&E and y<p~'(0). Then we have
0 ’ '
———(flf( Ve 49)= Lalx 43, 243,00, 2+9)

n times

=3 [Z]L”(x’ ...... DX Y, V)

n—k times k times
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=L.(x %o ,x):% ).

Hence we have
@ fory= 300 oy g 2TO 6 g

for every x< E and every y&p~1(0).

Let E, be the quotient space E/p~'(0) with the norm induced from the seminorm p, and @, be the quotient
map E—E,. By (1) and (2), there is a holomorphic mapping f from E, into F such that f=7o @, on E.
Since E is a Schwartz space, we can choose a convex balanced neighborhood V of zero in E such that Q,

(V) is a precompact subset of E,. We may suppose VC%U. Since £ is holomorphic and bounded on

%U, it is uniformly continuous on -;—U. Hence f (Q,(V) ) is precompact, and since F is complete the

subset is relatively compact. Thus f (V) is a relatively compact subset of F, since AV)=£ (Q,(V)). Hence
f is compact at zero. By using any translation map of E, we can show that f is compact at every x in U.
Consequently, f< Hg(E;F) and this completes the proof.

Let £ and F be locally convex spaces. Let # be a continuous linear map from E into . We note that «
is holomorphic. If Hx(E;F)= H(E;F), then u is compact. If Hy(E:F)= H(E:F) for any Banach space F, then all
continuous linear maps from E into F are compact for any Banach space F, and it follows from the known
results in the theory of Schwartz spaces that E is a Schwartz space.

Let E, F be locally convex spaces and U be an open subset of E. Now we shall describe the relation
between the compactness of holomorphic mapping f on U into F and that of c?"f(g) for && U and any

positive integer .

ProposiTioN 3. Let E be a locally convex space, F be a complete locally convex space, and U be an open
subset of E. Let E&&U and fSH(UF). If f is compact at &, then c?”f(g) is compact on E for all n.

Proor. We may suppose that £=0. Since f is compact at zero in E, we can choose a balanced convex
neighborhood V, 2V U, of zero in E such that f{2V) is a relatively compact subset of F. Since f is
continuous, by the Riemann integral, for every x< V we have

d”f (0) 1 f f(Ax)

{
()= 2xi Al =1 A7

/'2" f(e"gx)

dA (we put A= em)

_lim 1 f(e?’"'"/kx) 2n
= bsco 2” m:I ezmnm/k k
_lim 1 & flemty)

- k00 k m 1 eZ;rmm/k

for all ». Since F is complete and f{V) is relatively compact, the closed convex balanced hull 4 of (V)
is compact. For every positive integer #,

fle™"%x)

eanm/k
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is included in A for m=1, 2, ------ , b, and hence

& St

m=1 lerinm/k
is included in %kA. It follows that
1 i f(e'c‘m‘m/kx)

k me1 eZm'nm/k

is mcluded in A for every positive integer k. Since A is closed, we have d"f ) (x)EA for every x& V.

Hence —%))—( V)C A for all n. Since A is compact, —d;;{-,(—)( V) is relatively compact and hence d"f ).

(V) is relatively compact for all #». Consequently a?”f (0)&Hy (E:F) for all ». This comrpletes the proof.

Moreover, the above proof shows thart d'f(0)(V) is contained in the vector space spanned by fV) for all

Lemma 4. Let E be a locally convex space, F be a complete locally convex space, and U be an open subset
of E. Let fEH(UF), E&&U, and V be a balanced convex neighborhood of zero in E such that E+V is
contained in U and fIE+ V) is bounded. Let {an} .1 be a sequence in E+pV for some p, 0<p<l. If

the sequencé { dnf (5) (a,,,)} ’ s convergent for all n, then the sequence {fl&+an)} ~ , is also

ml
m=1

convergent in F.

Proor. For every non-negative integer #, let y,& F be the limit point of a sequence { % (am) } " We
J m=1

first suppose that F is a Banach space. Let a symbol | « | be a continuous norm on F. Since f(§+ V) is bounded,
sup | A&+x) | =M<oo.
<V

By the Cauchy inequalities, we have

2| L | <pm

for all ». Hence for arbitrary positive number e, there exists an integer », such that

(3) 2 sup H d"f(&) x)"<e

for every integer 7,7> #,. Since
a d"
| o] < sp | |LLE o <prm
n! xSpV n!
for every positive integer m, we have
Iyl <p™M

for all ». Hence we have

s p"M < co.

oo
=2
H n=0

IA

Yn
Thus the series °§_1°0y,, converges absolutely to some point 3, in F. There is an integer #; such that

S

n=7r

(4)

<&

gn"z:r‘\ Y
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for every 7, r>n,. We put n,=max(n,, #;). Since, for every #, —% (@m)— yn-as m—oo, there is an integer
m, such that

e | _dY (&)
) 2| (@) <e

for every m, m>m,. For every integer m > m,, by (3), (4) and (5) we have

1/ (&+an) =5l = H ;2:0 j%‘g)— (am)—nCE:Oyn
ngo{%(ﬂm)*%} +n:nz+l %(dﬂdvnzéﬂ In
§:§0 “ ;dn];ﬂ(i (@n) = In +n:o§i+1 }\ dn{q’(g) (@n) H +n N+ 1 ‘ In

<et+e+e=3e¢.
Hence f(&+ an)—3 as m—oo. Thus, if F is a Banach space, the sequence {f(&+am)} %,—; is convergent in F.
Next, let F be a complete locally convex space. Let p be an arbitrary continuous seminorm on F. Let F, be
the quotient space F/p~! (0) with the norm induced from the seminorm p, and €, be the quotient map F—F,. We
let £, denote the completion of the normed space F,. Then Q,0f< H(U:F,), and

(@(Q,0f) (&) ) ()= Qu(d"f(&) (x))

m=1

for nonnegative integer » and all x in £. Hence, for all », the sequence { —f(am)} is conver-

gent in F,, and Q,0f satisfies the conditions of this lemma. Hence, by the above, the sequence {Q,of (&+
an)} -, is convergent in F,. Hence, it is a Cauchy sequence of F,. Since p is an arbitrary continuous
seminorm, it follows that {f(&+ax)} ,-.1s a Cauchy spquence of F. Since F is complete, {f(&+

an)} Sw=11s convergent in F. This completes the proof.

ProposiTioN 5. Let E be a locally convex space, F be a Frachet space, and U be an open subset of E. Let fCH(U;
F), & U and V be a balanced convex neighborhood of zevo in E such that £+ V is contained in U and f(E+ V)
s bounded. Let B be a subset of pV for some p, 0<p<1.If c?"f(f) (B) is a relatively compact subset of F for all
n, then &+ B) is also relatively compact.

Proor. Let {x,} %,_,be a sequence of B. Since F is a Frechet space and @'f(&) (B) is relatively compact, we
can find a subsequence {xn} -, 0f {xu} <, such that {@f(&) (x..)} °,_,is convergent. By induction with
respect to n, we can find a subsequence {x,.} %,-,0f {x.} %, —,for every positive integer # such that {x,n.}
e _,is a subsequence of { Xp-1.m} 5= 1 and { (&) (X m)} % —1is convergent for all ». Then{x, .}, _, is a subsequence
of {xn} %,-,and by the construction of {xmn.} % _; {a’”f(é,’ ) (Xmm)} S —,is convergent for all ». By lemma 4,

{f(&+Xmm)} S.—1is convergent in F. Thus the sequences of f(&+ B) contain convergent subsequences. This

implies that f(&+ B) is a relatively compact subset of F. This completes the proof.

ProposiTION 6. Let E, F, U, f, & and V satify the same conditions of proposition 5. Let (?"f(«f) be compact on E
Jor all n. If B is bounded and a subset of pV for some p with 0<p <1, then f(&+ B) is a relatively compact subset
of F.

Proor. For every positive integer », we can choose a balanced convex neighborhood W of zero in E such that
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af (&) (W) is relatively compéct. Since B is bounded, there exists a positive number A such that ABC W. Since
a&f (&) (AB) C ad*f(&) (W), @f(&) (AB) is relatively compact. Since d*f(£) is an # -homogeneous polynomial, we

have d*f(£) (AB)=1" &'f(&) (B), and hence
X&) (B)C A () W),

Since @*f(&) (W) is relatively compact, %&"f (&) (W) is also relatively compact. Hence a?"f (&) (B) is relatively

compact for all ». Hence, by proposition 5, f(&+ B) is relatively compact. This completes the proof.

ProposITION 7. Let E be a normed space, F be a Banach space, and U be an open subset of E. Let f<H(UF)
and ECU. If d'f&) is compact on E for all n, then f is compact at .

Proor. Let B be the closed unit ball of E. Since f is continuous, there is a positive number 1 such that f(&+
AB) is bounded. Since pAB is bounded and a subset of AB for every p with 0<p <1, by proposition 6, f(£+ pAB)
is relatively compact. Since £+pAB is a neighborhood of &, f is compact at &. This completes the proof.

Proposition 3 and proposition 7 imply the following resuit.

ProrosiTiON 8. Let E be a normed space, F be a Banach space, and U be an open subset of E. Let f<H(UF)
and EEU. f is compact at & if and only if @) is compact on E for all n.

ProposITION 9. Let E be a normed space, F be a Banach space and U be a connected open subset of E. Let f&
H(UF). If f is compact at some point of U, then [ is compact on U.

Proor. We put A = {x& U, f is compact at x} . By the hypothesis of thié proposition and definition 1,Aisa
nonempty open subset of /. We suppose that A is not relatively closed in U. Then, there exists a point % in(4
\A) VU, where A is the point set closure of A. Let V be the open unit ball of £. Then, we can find a positive
number A such that %+21VCU and f(x%+21V) is bounded. Since %+ AV is a néighborhood of %, there is a point
&in A(V(%+AV). Then, we have

E+AVC %+ AV +AV =x+2AV.
Hence, £+AVC U and f(£+4V) is bounded. Since AV is an open ball of E, there exists a positive number p with
0<p<1such that %<& +pAV. Since f is compact at &, f(§+1V) is bounded and pAV is a bounded subset of AV,
by proposition 3 and proposition 6, f(£+pA V) is relatively compact. Since &+pAV is an open subset containing
%, it is a neighborhood of %. Hence f is compact at %, and so %<A. This contradicts the assumption. Hence,
A must be relatively closed in U. It follows from the connectedness of U that A=U. This implies that f is

compact on U.
We get the following result by the above.

TueOREM 10, Let E be a normed space, F be a Banach space and U be a connected open subset of E. If f<H(U;
F), -then the following are equivalent:

(a) f is compact on U,

(b) f is compact at some point of U,

(c) . a’A"f(«E) is compact on E for every point & in U and all n, -
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(d) for some point & of U, d*f(&) is compact on E for all n.
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