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COMPACT HOLOMORPHIC MAPPINGS ON LOCALLY

CONVEX SPACES

Mitsuhiro Miyagi

Abstract

 A holomorphic mapping f on an open subset U of a locally convex space E into a locally convex space

F is generally not locally bounded， much less compact.  Moreover， if E and F are Banach spaces， then f

is locally bounded， but it is not always compact.  However， we shall show that， if E is a Schwartz space and

F is a Banach space， then any holomorphic mapping on E into F is compact on E.  We next describe the

relation between the compactness of holomorphic mappings and that of n-homogeneous polynomials

obtained from the holomorphic mappings for all n.  Finally， we shall get the result that， if a holomorphic

mapping on a connected open subset U of a normed space with values in a Banach space is compact at some

point of U， then it is compact on U. 

Introduction

 When E and F are Banach spaces， R.  M.  Aron and M.  Schottenloher ［1］ introduced a conception of

compact holomorphic mappings on E into F.  They showed that any holomorphic mapping on E into F

which is compact at some point is in fact compact on E.  We refer any notation used in this paper to S. 

Dineen ［2］ . 

Compact llolomo叩11ic mappings on locally convex spaces

  Let E and F be locally convex topological vector spaces over the complex numbers， andσbe an open

                                                                                   
subset of E.  A mapping fromσinto F is said to be holomorphic if it is continuous and Gateaux

-holomorphic.  We let H(Ul・F)denote the vector space of all holomorphic mappings fromσinto Fl We

let P(nE∫」のdenote the set of all continuous n-homogeneous polynomials from E into F for every positive

integer n.  If a mapping∫fromσinto F is holomorphic， then for everyξinσthere exists a unique
                                 ハ                                                                                       ゆ

continuous n-homogeneous polynomial♂ゲ(ξ)from E into the completion F of F for every nonnegative

integer n such that

                  
     ∫(ξ＋y)一。tL。町1ξ)ω

for all y in some neighborhood of zero in E.  Moreover， we. ?≠魔

      ハ
     事)一が1. 1一。。∫(禦4λ，
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whe，re a Positive number p.  is chosen so that e＋ ｛Ay; IAI Spy｝ ( U. 

  DEFiNmoN 1.  Let E and F be locally convex spaces，'U be dn open subset of E， and x(E U.  A niapping f

from U into F is said to be comPact at x zf there ds a neighborhood V.  of x such that f(Vx) is a relatively

・・吻・'・ub・卿E∫細刎'・∂・ω脚御ひ〃is…mPa・t・at・〃ρ燃繍ひVV・ Z・t H・ (U;E)

deno彪〃2e vector SPace CゾごZ〃60吻act h～)IO〃ZOη)hic〃批ψρ勿83ノ勿〃Zσinto F:

  If E is an infinite dimensional Banach space， the identity mapping of E is a locally bounded holomorphic

mapping which is not compact.  Thus， holomorphic mappings are not always compact.  However， if E or

Fis finite dimensional， we have」職㊨」り＝H(E;・F).  Moreover we have the following result. 

  ↑HEOREM・2. 〃・E・ゐaSc伽α漉吻6θαη4 F is a Banach SPace， then HK(E;・1ひ＝H(E;F). 
         ＼

  PRooF.  L6t a'symbol ll・II be a continuous norm on F.  Let∫be in H爾1ワ. ・We first show that∫is

compaet at z6ro.  There exists a convex balanbed neighborhoodσof zero in E. such that

. (1) sup llノ(x)ll＜60. 

   κ∈σ

We put E建腔ソil・By the Cauchy inequalities・we have

      厩。)

           ω ≦ル1
       〃

for everyκinσand every non-negative integer n.  Let L.  be the continuous symmetric n-linear mapやing

                           
f・・mEi・t・Fass・ci・t・d with♂ ?O)f・・ev・・y p・・iti・・int・g・…BY. th・pgl・・i・ati・n f・r'・・｝・1・，. 

    1【L・瞬…・・…刀1≦舞短

for any xi，あ，……，x.  in乙乙 Let p be the gauge ofθl Sinceλッ∈σfor every complex number. λand every

夕∈P-1(0)，we have

    lL。餓，・:・…，・。ノll≦iill一・， M ・一.  ・

for everyλ∈C qnd any x2，∵…1，κn∈U. . Hence， for every nonzero complex nurpberλand any毎，. 掩，……，

ギ。∈α・. 

    Il・Lh・(y…Li・鈎・……・Xn/ll≦ll. 1・iii/i一/M・

       l  nn
              ・ル1→O as λ→∞， we have. Since
      lλ1〃

   L。(y，あ，…∴・，κnノ＝O

for every y∈p-1(0)and anyあ，……， x。〈∈E.  Since五ηis symmetric， hence， we haYe

   五。(Xl，あ，・…・・， x。ノ＝O

f・・aI・1…2・…'…∈Esuch that雄ノ＝O fo「some i・Lrtμandぞ∈P一'(0)・Then we hayr

   撃・＋y)一L・(・慣搬…・・＋yl

    一、茎。〔劉L・(鴛二温鴛…;温6。y)
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                     ハ
    一L・鰯騰・・x)一勢。)(・)・

Hence we have
                                                              ハ

(2)細一ntL。勢0)剛一ntl。勢0)ω一f(・)

for every x∈E and every y∈p-1(0). 

  Let Ep be the quotient space E/グ1(0)with the norm induced from the seminorm p， and Qρbe the quotient

                                                     ぬ                                                                                     や

map E→Ep.  By(1)and(2)， there is a holomorphic mapping∫from Ep into F such that∫＝∫o Qp on E. 

Since E is a Schwartz space， we can choose a convex balanced neighborhoodγof zero in E such that Qp

ピのi・ap・ec・mpact・ub・et・f Ep・W・m・y・upP・・eγ⊂｝U.  Since/i・h・1・m・・phic and b・und・d・n

lαit i・unif・・mly・・ntinu・u・・n lひHenceデ. 馴ノi・p・e・・mpact，・nd・ince F i・c・mp1・t・th・

subset is relatively compact.  Thus f(V)is a relatively compact subset of F， sinceノ(1っ＝デ(Qp(V)ノ.  Hence

∫is compact at zero.  By using any translation map of E， we can show that∫is compact at every x in U. 

Consequently，∫∈H，(E，・」F)and this completes the proof. 

  Let E and F be locally convex spaces.  Let〃be a.  continuous linear map from E into F.  We note that u

is holomorphic.  If仏㊨」の＝H(E;・」の， then u is compact.  If、伍㊨1の＝H(E;」のfor any Banach space F， then all

continuous linear maps from E into F are compact for any Banach space F， and it follows from the known

results in the theory of Schwartz spaces that E is a Schwartz space. 

  Let E， F be locally convex spaces andσbe an open subset of E.  Now we shall describe the relation

                                                                      
between the compactness of holomorphic mapping f onσinto F and that of諺雅ジforξ∈乙1 and any

posltlve lnteger n。

  PRoPoslTloN 3・ Let E∂θalocally convex SPace， F be a 60〃zl)lete locally convex space， andθF be an ol)en

                                                            ハsubsetρプE.  ・乙〔？tξ∈σandノ'∈研乙なF).  ・ケノ.  is 60〃zPact atξ then dnf(9) is 60〃zl)a(rt on Eノわrα11 n. 

  PRooF.  We may suppose thatξ＝0.  Since f is compact at zero in E， we can choose a balanced convex

neighborhood V，2レ⊂U， of zero in E such thatノ(2 V)is a relatively compact subset of F.  Since f is

continuous， by the Riemann integral， for every x∈レwe have

        

     撃カー2i;T/fi、1一、撫4λ(w・p・tλ一e'θ)

             一2蕩ππ驚)dθ

             一ぬ2蕩誰1肇嘉禦勢

             一鳳1誰1綜㌘

for all n.  Since F is complete andノ「(しりis relatively compact， the closed convex balanced hull. 40f f(V)

is compact.  For every positive integer k，

      ノ「(e2伽/々x)

       θ2π伽/々
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is included in/1 for〃2＝1，2，・・・… ，々， and hence

       皇照π珈/々矧

      〃z＝l   e2πinm/々

is included in kA.  It follows that

       l誰1岬町        . 
                                                                   

ili lh ｦi血 ・・r…yp・・iti・・i・t・g・・いi・・rAil・1・・ed・・w・hav・望0)のr且fφ・ev・・y・∈V・

H・nce望0)岬f・・all・・Since且isc・ゆact，勢0)rのisrel・ti・・ly・・mpactandh・nceみ(・)・

(のis rel。ti。，ly、・mpact f・・all・.  C・n・eq・・ntlyみ(0)∈H，(E;・F)f・・a肋.  Thi・c・mpl・t・・th・.  P…f

M。，あ。v6，， the ab。〉。 p，。。f，h。w， thatみ(0)(のi， c。nt。ined i・th・v6・t・r space・pann・d・by・f(のf・・all

 η. 

  LEMMA 4.  五et E be a locally conz/ex鐘)ace，、F beαco〃zplete locally conz/ex鐘)ace， andσbe an open subset

of E.  Let∫∈研乙なF♪，ξ∈』θ;and yF be a balanced convex ne ighbo rhOOC！(ゾzerc)in E such thatξ十γ空

・・J脚σ吻驚＋眺∂・磁L・t ｛・・｝. 謁be 'a seq''ence in 9＋ρ晦so耀μ0＜ρ＜1・''

三三. ｛撃(・・ノ｝＝、醐卿加〃漁'鵬一｛伽・ノ｝艶・齢・

convergent in」F.     '                          .                             .   ，

                                                                         ハ
P・…. F・・ev・・y・・n一・・g・・i・・i…g…，・1…。∈F b・・h・limi・p・i…f・・eq・・nce｛撃(峨. 1・We』

first suppose that F is a Banach space.  Let a symbol卜II be a continuous norm on F。 Since∫(ξ千y)is bounded，

    sup ll f(e十x)Il＝ル1〈∞. 

    κ∈γ

By the Cauchy inequalities， we haye

            ハ
    鷲，γ撃(・)≦・・〃

f6・・li n・H・nce f⑳・・ar・ ・Pli・i・・h・mberε，・b・・r・xi…御・・g・…su・h・h・・ . . . 

灘蹴∵ ・、. . . ・. ・;
                                                                

       撃(・・)≦娼レ撃ω≦〆〃

for every positive integer〃z， we have

     lLyηll≦ρnル1

 for all n.  Hence we have

       こヌつ               ロつ                 くメつ

      nZ。y・，. 5。;。 yn≦nE。〆''＜∞・

Thus the series努y.  converges absolutely to some point Yo in F.  There is an integer nl such that
              n＝0

(4)淫ノ。≦:掴i〈・          '. 
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                                                      ハf・・ev・・y・，・＞nl・W・p・・n・一m・x(n・， nl)・Si・・e， f・・eve・y n，撃(・m)一y・一・・一・・，・h・・e i・an i…g・・

〃z()such that

         ハ
(5)nt22。撃(・m)一・n〈・

for every m， m＞ua.  For every integer〃z＞va， by(3)，(4)and(5)we have

                          パ
     II∫(ξ＋・m)一y・ 11一淫。瓢！(4)(・・ノー。茎。・・   …』・

              バ                                                                   ハ

     一劃♂磐(am)一・・｝＋。. 箋＋1♂響(・。㌧義. 1 ・n

     ≦ntL2。撃(・m)一・。＋。。箋. 、撃(am)＋。. 箋＋1・。'

     ＜ε＋e＋ε＝3ε.                      ・

Hence f(ξ十αm)→Yo as〃z→○○.  Thus， if F is a Banach space， the sequence ｛ノ'(ξ十αm)｝(名＝l is convergent in F. 

  Next， let F be a complete locally convex space.  Let p be an arbitrary continuous seminorm on F.  Let Fp be

the quotient space F/p-1(0)with the norm induced from the seminorm p， and Qp be the quotient map F→Fp.  We

let Fp denote the completion of the normed space Fp.  Then Qρof∈H(U;・Fp)， and

                                                        ハ

     (♂(Qρq∫)(ξ))(κ)＝Qρ(dif(ξフ(Kx))

                                                                 
f・・n・nn・g・ti・・i・t・g・・…d・11・i・E・H・nce， f・・all・n， th・・equence｛禦・m)｝二. li・c・nver一

       ウgent in Fp， and Qpof satisfies the conditions of this Iemma.  Hence， by the above， the sequence｛Qpof(ξ十

                       りam)｝(猛＿lis convergent in Fp.  Hence， it is a Cauchy sequence of Fp.  Since p is an arbitrary continuous

seminorm， it follows that｛∫(ξ十am)｝壌＿lis a Cauchy spquence of F.  Since F is complete，｛f(ξ十

am)｝臓＝lis convergent in F.  This completes the proof. 

                                              ノ  PRoPoslTloN 5.  、Let E beαlocally convex sl)ace， F beα、Frechet sl)ace， andσ∂θan ol)en szabsetの「E.  . 乙et f∈、H(U;

1;)，ξ∈三σand レ beαbalanced convex neighborhood(～/zero in E such thαtξ＋レ is contained in σand/c(ξ＋レつ

                                                  
is bounded.  . 乙et B beαsubset cゾρレノeor∫o〃zeρ，0〈ρ〈1. ∬4if(8)(B)isαrelatively 60〃zPact subsetρ〆Fプ「orα〃

n，thenノ(6＋B？isαlso relatively comPact. 

                                                 ノ                                       PRooF.  Let｛κm｝篇＿lbe a'sequence of B.  Since F is a Frechet space and♂∫(ξ)(B)is relatively compact， we

                                                 
can find a subsequence｛κ1，m｝腸＝Iof｛xm｝壌＝lsuch that ｛♂∫(ξ)(κ1. m)｝(3＿lis convergent.  By induction with

respect to n， we can find a subsequence ｛κnm｝鴫＿lof ｛xm｝臓＝1for every positive integer n such that｛κnm｝

                                 
骸＝1is a subsequence of｛xn一尉｝(猛;land｛♂プ(ξ)(κn m)｝正嘉1is convergent for all n.  Then｛κm.  m｝『残＿lis a subsequence

                                             
of｛κ規｝(猛＝land by the construction of｛κ加，m｝(名＿1，｛♂プ(ξ)(瓶加)｝骸＿1is convergent for all n.  By lemma 4，

｛〆(ξ十κm， m)｝篇＿lis convergent in F.  Thus the sequences of∫(ξ十B)contain convergent subsequenρes.  This

implies that∫(ξ十B)is a relatively compact subset of F.  This completes the pro6f. 

                                                                        ハ  pRoPoslTloN 6.  Let E， F， U，プ;ξand V satzfy the∫α〃ze conditions 6ゾprol)osition 5. 乙et遡∂θco〃zpact on E

プ～)ra〃n.  〃'Bis boundec！andαsubsθtρ/ρレ7ノわr so〃zeρwith O＜ρ＜1， then〆(4十B)ゐarelativθly 60〃zPact subset

(ゾE

PRooF.  For every positive integer n， we can choose a balanced convex neighborhood W of zero in E such that

宇部工業高等専門学校研究報告 第30号 昭和59年3月
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4び(ξ)(W)is relatively compact.  Sinceβis bounded， there exists a positive numberλsuch thatλB(W.  Since

∂nf(ξ)・(λB)・⊂∂，ゲ(ξ)(W)，御(ξ)(λβ)is relatively eompact.  Since∂nf(ξ)is an n-hom6geneous polynomia1， we

     パ                                 

have 4，ゲ(ξ)(λβ)＝λπ♂プ(ξ)(B)， and hence

     blf(ξ)(B)⊂趣(ξ)働・      ・

Since御(ξ)(助isrel・・i・・1…mp…，卸(ξ)働i・al…e1・・i・・1…mpac・・Hence・''f(ξ)(β)isre1・・i・・1・

compact for all n.  Hence， by proposition 5，ノ(ξ十B)is relatively compact.  This completes the proof. 

/

  PRoPoslTloN 7. 」Lθ'E∂θa％o撒θ4 SPacet. Fδ6αβ伽σ6乃吻。θ，.  andσ∂e an open s〃δsθ'(ゾE.  Lθげ∈研Ul」の

               
α〃4ξ∈ひ 〃4脆ジ奮60吻act on Efor a〃η，伽〃∫お00〃ψ0‘'atξ. 

  PR∞F.  Letβbe the closed unit ball of E.  Since/is co昇tinuous， there is a positive numberλsuch that∫(ξ十

λB)is botlnded.  SinceρλB is bouhded and a subset ofλB for everyρwith O〈ρ〈1， by proposition 6，∫(ξ十ρλB)

i§、 relqt，ively c. ompact.  Sinceξ十ρλB is a neighborhood ofξ，ノis compact琴tξ.  This completes the proof. 

  Proposition 3 and proposition 7 imply the following res翠lt.     .  .      ，

 PRoPoslT10N 8・ム召'Ebe a normed SPace， F be a Banach SPace， andσbe伽open subset｛ゾE・Leげ∈H(U;F)

andξ∈ひ ∫誌CO〃ψα0'α'ξグ伽40幼ノグ舳ゐcomPact on Eノ「or all n. 

  PRp？oslTloN 9・Let E be a normed SPace・Fbeαβ伽α6ぬ吻02伽4σbe a connected op8n subset. ()f E・Leげ∈、

、研U;F). 万μS60吻act at SO〃ZC Point(ガU;then fゐ60吻06'onひ

tPRooF.  We put A ＝ ｛x(E U; f is compact at x｝ .  By the hypothesis of this prQposition and definition 1， A is a

nonerppty open subset of U.  We suppose that A is not relatively closed in.  U.  Then， there exists a pgint xb in (A

XA)r＞ U， Where A is the p6int set closure of A.  Let V be the・open unit ball of E.  Then， we 'cari find a positive

number A such that ah十2X VC U and f( tb十2AV) is bounded.  Since Ab十XV is a neighbdrhood of xb， ther'e is a point

6 in A A (xb十 A V).  Then， we have

     e十AVC ib十XV十XV＝ va十21 V. 

Hence，ξ十λレ⊂Uand f(ξ十λV)is bounded.  SinceλVis an open ball of E， there exists a positive numberρwith

O〈p〈1 sUch that' 撃窒bd4十pA V.  ' Since'f is c'ompact at 4， f(e十AV) is bounded and'pX V is a bounded subset of 'A V，

by Proposition 3 and proposition 6， f(4＋pX V) is relatively compact.  Since 4十pA V is an open subset containing

ab， it is a neighborhood of xb.  Hence f is'compact at ab， and'so xb(［iA.  This contradicts the assumPtion.  Hence，

A must be relatively' closed in U.  lt follows from the connectedness of U that A＝U.  This'implies that f is

compact on U. 

We get the following result by the above. 

 THEoREM 10. 」Let E be a'. ''o㎜θ4吻06， F be a Banach SPace and U be a connected oPen subset Of E●∬ノ∈研切

F)，・・then theノ「o〃owing are equivalenた

(a)∫is CO吻act O〃U，

 (b) f is comPact at some Point of U，

(c) ， t？Zf(e) is comPact on E for eve2 y， Point 6 in U and all n，

Res.  Rep.  of Ube Tech.  Coll. ， No. 3e March， 1984
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(d)ノbr some Pointξ('f U， dif(ξ♪奮comPact on E/br a〃n. 
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