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On Some Prime Modules

Kazuo SHIGENAGA＊

Abstract

  In (3) Page has defined the notion of prime module.  Recently， L.  Bican， P.  Jambor，

T.  Kepka and P.  Nemec ［1) have also defined the prime module by different notion. 

In this paper， with reference to the latter definition， we shall define the notions of

several kinds of prime modu］es， that is， a strongly prime module， a weakly prime

module， an E-prime module， an E'一prime m. odule and an E''一prime module.  And then，

we will investigate the relations between these prime modules. 

                                g O.  lntroduction

  In this paper， with reference to the notion of prime module in the sense of Bican et

al. ， we shall define the notions of several kinds of prime modules， that is， a strongly

prime module， a weakly prime module， an E-prime module， an E'一prime module and an

E''一prime module. 

  We shall prove in Proposition 1. 2 that the prime module in the sense of Bican et al. 

is the prime module in the sense of Page.  But the converse is not true (Example 7. 1). 

Nevertheless， we shall show in Proposition 1. 3， if R is semisimple artinian， the converse

holds.  And also we shall prove in Proposition 1. 2 that strongly prime modules are prime，

prime modules are weakly prime， strongly prime modules are nothing but E'一prime and

also are E-prime， and in Proposition 6. 3 th. ot， over a left noetherian ring R， every in-

jective R-module is a direct sum of weakly prime modules (E-prime modules， E''一prime

modules) . 

                                 g 1.  Definitions

 Throughout this note R is an associative ring with identity， a module means a unital

left R-module and R-mod stands for the category of unital left R-modules.  As usual，

E(M) will denote the injective hull of a module M. 

  A preradical r for R-mod is a subfunctor of the identity func'Lor of R-mod. 

  For a module Q， define a radical kQ as

                    leQ(M)∪一｛Ker∫げ∈H・m(M， Q)｝

for each module M.  As is well known， kQ is a unique maximal one of those preradicals

k for R-mod satisfying le(Q) ＝＝ O. 

  For two submodules A and B of a module M， we put
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                    /1＊MB＝Σ｛∫(且)げ∈Hom(ハf， B)｝. 

We denote by Ann(M) the annihilator ideal of a module M. 

 Page called a moduleハ4 pTime if 14槻(M)＝・Ann(. 7V)for every non-zero submodule 1＞

of M.  And Bican et al.  called a module M prime if kM ＝＝ le'' for every non-zero sub-

module N of M. 

  In the following， P-prime module means the prime module in the sense of Page， and

the prime module means the one in the sense of Bican et al. . 

We now define the notions of several kinds of prime modules.  We call a module M

                                            Moreover we call a module M(1)

(2)

(3)

(4)

(5)

strong！y Prime(S-Prime) if E(M) is Prime. 

weak！y prime(VV-Prime) if ra'M ＝＝ kE(N)nM，

E-Prime if kE(. lf) ＝ leE(rv一)，

E'一Prime if kE(M) ＝ kN，

E''一1》ri〃¢e if k，z ＝ ノ？E(ハア)，

for every non-zero submodule N of M. 

  Example 1.  1. 

   (1) A module . Q is P-Prime， where Z is lhe ring of integers and Q is the additive

grouP of rational numbers. 

   (2) Each simPle module is Prime and also E一一Prime. 

   (3)The勿ノective hull of each simPle〃zoduleゴs W-Prime. 

   (4) A simPle in］'ective module is S-Prime， E'一Prime and E''一Prime. 

Proposition 1.  2. 

(1) Every Prime module is P-Prime. 

 (2) Every S-prime module is Prime and every Prime module is W-Prime. 

 (3) Every S-Prime modesle is nothing but E'一Prime module. 

 (4) Every S-Prime module is E-Prime. 

 Proof.  (1) Let M be a prime module.  For any non-zero submodule N of M， we ob-

tain leM(R) ＝k. N(R) frorn the definition.  lt is well known that， for a module L， kL(R)

＝Ann (L) holds.  Thus Ann (M) ＝＝ Ann (N) for any non-zero submodule N of M. 

Therefore M is P-prime. 

  (2) Let M be S-prime and N any non-zero submodule of M. 

Then the relation E(M)⊇M⊇ノ＞implies kE(M)≦砺≦職.  Sinceハ4 is S-prime，

leE(M) ＝ kN.  Therefore we obtain le.  ＝ le，. .  That is， M is prime.  Now let M be prime

and IV any non-zero submodule of M.  Then E(N) A M is a non-zero submodule of M，

and so the primeness of M implies le，lf ＝ leE(AT)oM.  Hence M is W-prime. 

   (3) Suppose that M is an S-prime module.  Then E(M) is prime and so we have

leE(M) ＝＝ letv一 for all non-zero submodule N of M， namely， M is E'一prime. 

  Conversely， let M be E'一prime.  For any non-zero submodule IV of E(M)， M A N is
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a non-zero submodule of M and so we have leE(M) ;ll kN :i｛ leMnN.  However， since M is

E'一prime， we have kE(th ＝＝ k-if n N.  Therefore， leE(. if) ＝ leN and hence M is S-prime. 

   (4) Let M be S-prime and N any non-zero submodule of M.  Then N E E(N) g

E(M) and so we have feE(M) s｛ leE(N) ;;1 feN.  Since M is S-prime， leE(M) ＝ leN.  This

relation implies that kE(M) ＝＝ kE(N).  Namely， M is E-prime. 

  Proposition 1. 

   (1)！アRis

   (2)1ア・M'is

   (3) lf iif is

Przme. 

   (4) lf M is

Prtme. 

 3.  Let M be a module. 

semisimPle arlinian， then every P-Prime modnte is prime. 

Prime and injective， then it is S-Prime. 

W-Prime and anツnon-zero sacb〃zodule 1＞of M is勿ノeclive， then M is

E-Prime and any non-2ero submodule IV of M is in7'ective， then M is S一

  Proof.  (1) lt is well known that， for a preradical r and a projective module P， r(P)

＝＝ r(R)P.  Now， let M be a P-prime module and IV any non-zero submodule.  By Ann

(M)＝Ann(N)， we have砺(R)＝々N(R).  For any module/1， we have砺(A)＝

kM(R)A ＝ leN(R)A ＝＝ kN(A)， since R is semisimple artinjan.  Therefore kof ＝＝ feN for

any non-zero submodule AI of M， which means M is prime. 

   (2) Since M is injective， we have E(M) ＝ M.  Therefore， E(M) is prime and M is

S-prime. 

   (3)It follows from assumption that砺＝砺(N)曜＝kN曜＝kN for every non. zero

submodule IV of M.  Hence M is prime. 

   (4) Let N be any non-zero submodule of E(. M) (＝＝ M).  Since M is E-prime and IV

is injective， leE(，lf) ＝ kE(N) ＝ feN is obtained.  Namely， M is S-prime. 

Coro］lary 1.  4.  The following conditions are eqzaivalent for an in7'eclive modgr. le M:

(1) M is Prime，

 (2) M is S-Prime. 

 Corollary 1.  5.  For a module M over

conditions are eqzaivalent:

  (1) M is Prilme，

  (2) M is P-Prime，

  (3) M is S-Prime，

  (4) ノレfis m/一Pri〃ze，

   (5) ful is E-Prime，

  (6) M is E''一Prime. 

a se〃zisimPleα7翻競ring R，伽ノ'ollowing
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g 2.  Prime modNles

  The following propositions are due to Bican et al.  (1) .  ln the following we shall give

similar characterjzations for our prime modules. 

  Proposition 2.  1.  ((1， Proposition 2.  3)).  The following conditiuns are equivalent

for a module M:

   (1) A＊MB 40 for all non-2ero submodules A， B E M，

   (2) fe7v(M) ＝ O for every non-2ero sesbmodnte N E M，

   (3) lf O 4 N E.  M， then M is isomorphic lo a subueodule of a direct Product of

coPies of N，

   (4) ノレIis Pri〃ze. 

 Proposition 2.  2.  (rsl， Proposition 2.  4)). 

   (1) Let IV be a non-zero szabmodule of M.  lf M is prime then N is Prime. 

   (2) A module M is Prime if and on！y if le. .  ＝ ka for ever. v non-zero cyclic submodule

Coプ114. 

   (3) Every simPle module is prime and every direct sesm of copies of a sinzPle module

zs Prz'me. 

g 3.  Weak］y prime modwles

Proposition 3.  1.  The following conditions are equivalent for a modrvle M:

   (1) A＊M(E(B) A M) ＃ O for all non-zero submodules A， B ［t一 Ail，

   (2) kE(N)pM(IV(f) ＝ O for every mon-zero submodasle N g.  IV(1，

   (3)び0≠N⊆M，then M is iso物rPhic to a Sttbmodzale of a direct Productの'

coPies of E(！V) A M，

   (4) M is W一一Prime. 

  Proof.  (1) implies (2).  Suppose that kE(N)nM(M) ＝ IV' s O for some O 4 AI E'1一一 M. 

Then f(IV') ＝ O for every f E Hom (M， E(Al) n M) and so A［'＊M(E(IV) n A‘1) ＝＝ O，

a contradiction. 

   (2) implies (3).  See e.  g.  (2， p.  408). 

   (3) implies (4).  Let 041V E.  ILI be a submodule.  Obviously， lenf ＝〈. ＝ kE(N)nM and

kE(N)nM(E(N) ft A(1) ＝ O.  Since A(1 is isomorphic to a submodule of a direct product of

copies of E(N)n M， we have leE(，v)oM(M) ＝ O. 

Consequently， kM≧kE(N)曜.  Therefore々M＝kE(！vT)曜and M is W-prime. 

   (4) implies (1).  Suppose that A＊M(E(B) fi M) ＝＝ O for some A(40)， B(40) El M. 

Then∫(且)・＝Ofor allノ∈Hom(M， E(B)∩M)and so O≠ノ4⊆飯(B)∩f｝1(M)＝砺(M)

＝＝ O， a contradiction. 

Res.  Rep， of Ube Tech.  Coll. ， No，28 March， 1982



                             O-n. . SogL，…Prll. pfg. . Man. duleg. . t一. 一. 一一一. u. . 一 5

  Proposition 3. 2. ノ1〃zoduleハf is W一メ)ri〃ze if and oη砂ifん翌＝kE(o)oMノ「or eve「〉， non一

2ero cyclic submodule C of M. 

  Proof.  The ''only if'' part is clear.  To show the ''if'' part， let IV be any non-zero

submodule of M and x a non-zero element in N.  Then M 2 N 2 Rx and so M 2 E(N)

∩M. ⊇E(Rx)∩M.  This implies le 」f≦んE(N)曜≦んE(R。)曜.  By assumption kM＝

feE(Rx)oM and hence kM ＝ kE(N)oM.  Thus iltl is VV-prime. 

  Proposition 5.  3.  Lel M be a VV-Prime module and N a non-2ero in7'ective submodule

of M.  Tlaen IV is J7V-Prime. 

  Proof.  For every non-zero submodule L of IV， we have le.  ＝ kE(L)oM.  Since M lll！ IV

2 E(L)， leiM oE(L)＝ kE(L) ＝ leE(L)oM ＝ fe.  ＝ kE(N)nM ＝＝ kNnM ＝＝ kN and so N is Vli-

prlme . 

  Proposition 5. 4.  Let. ルI beα〃zodule.  Then E(M)is W-primeゲand o〃1. y if leE(M)＝

kE(AT) for every non-zero submodule N of E(M). 

  Proof.  This follows from the relations E(N) r-C E(E(M)) ＝ E(M) and E(N) n E(M)

＝一 E(N). 

  Corollary 5.  5.  The following conditions are equivalent for an inl'ective module M:

   (1) M is VV-Prime，

   (2) M is E-Prime，

   (3) M is E''一Prime. 

 Proposition 3.  6.  Let S be a simPle module.  Then

  (1) S is W一一Prime，

  (2) £OS is VV-Prime，

  (3) E(S) is 1717-Prime. 

 Proof.  The assertions of (1) and (2) follow from (1， Proposition 2.  4) and Proposition

1. 2 (2). 

  (3) For every non-zero submodule N of E(S)， we have E(N) ＝＝ E(S).  Hence kE(Ar)

＝＝ kE(s) and so E(S) is VV-prime by Proposition 3.  4. 

                          g 4.  Strongly prime modules

 Proposition 4.  1.  The following conditions are equivalent for a module M:

  (1) A＊E(M)B 4 O for all non-2ero submodules A， B EI.  E(M)，

  (2) fe，. (E(M)) ＝ O for ever. v non-zei'o submodule N E. 1 E(M)，
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   (3)lf O≠N⊆E(M)， then E(M)is is・〃z・rf)hic t・αs％伽・du・le・プαdirect加伽彦

げ60勿sof2＞，
   (4) . l14 i-s S-Pri.  me. 

  Proof.  This follows from Proposition 2.  1. 

  Proposition 4.  2.  The following conditions are eqaivalent for a module M:

   (1) A＊E(M) B t O for'all non-zero submodules A， B EI M，

   (2) leN (E(M)) ＝＝ O for every non-zero submodule N E. ; M，

   (3) lf O ? IV E.  M， then E(M) is isomorPhic to a secbmodu le of a direct Produ ct of

c吻θsoプN，
   (4) ful is S-Prime. 

  Proof.  This is similar to the proof of Proposition 3.  1. 

  Proposition 4.  3.  Let N be a non-zero submodule of an S一一prime module M.  Then IV is

S-Prime. 

  Proof.  This follows from Proposition 2.  2 (1). 

  Proposition 4.  4.  Let N be an essential submodule of a module M.  Then， N is S-Prime

げand o吻ifハ4 is s-Pri〃ze. 

  Proof.  This is clear from the fact that E(IV) ＝ E(M). 

  Proposition 4.  5.  A module M is S-Prime if and only if leE(M・) ＝ kc for every hon-zero

cyclic submodule C of M. 

  Proof.  The proof of this proposition is similar to that of Proposition 3.  2.  This also

follows from Proposition 2.  2 (2). 

                            g 5.  E-prime modules

 Proposition 5.  1.  The following conditions are equivalent for a module M:

   (1) A＊E(M)E(B) ＃ O for all non-zero submodules A， B E M，

  (2) kE(N)(E(M)) ＝＝ O for every non-2ero submody. le N 一L. 一.  M，

  (3) lf O t N E M， then E(M) is isomorPhic to a submodule of a direct product of

coPies of E(N)，

  (4) M is E-Prime. 

 Proof.  The proof of this proposition is similar to that of Proposition 3.  1. 
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  Proposition 5.  2.  A module M is E-Prime if and only if leE(M) ＝ kE( for every non-

zero cyclic submodule C of M. 

  Proof.  The proof of this proposition is similar to that of Proposition 3.  2. 

  Proposition 5. 5.  ZアMis E-Pri〃ze and 1＞is a non-zero sub〃zodu le， thenハ「is E-1)ri〃ze. 

  Proof.  This is clear. 

  Proposition 5.  4.  Let N be an essential submodule of M.  Then IV is E-Prime if and

o吻if M is E一画〃ze. 

  Proof.  Suppose that N is E-prime.  Then for any non-zero submodule K of M， we have

E(NnK) Ell.  E(K) Eil.  E(M) ＝＝ E(N) and hence kE(NnK) ｝！ leE(K) 1. 1 leE(M) ＝＝ kE(N)・

From the assumption it follows that kE(N. K) ＝ feE(N) and hence leE(K) ＝ kE(M).  Thus M

is E-prime.  The ''if'' part follows from Proposition 5.  3. 

  Coronaly 5. 5.  A mod・aleノ匠is E-Prime if and o以yゲE(ルのis E-1)rime. 

                             §6. Some s叩Plements

  Proposition 6.  1.  lf M is inl'ective and uniform， then M is M7-Prime. 

  Proof.  For any non-zero submodule N of M， it is clear that E(M) ＝ M ＝＝ E(IV). 

Hence we have砺曜(の＝k」f. 

  Proposition 6.  2.  Every simPle inl'ective modzale is S-Prime. 

  Proof.  Let S be a simple injective module and N a non-zero submodule of S ＝＝ E(S). 

Then S ＝ N and so we have E(S) ＝＝ IV.  Therefore leE(s) ＝ kAr. 

  Proposition 6.  5.  Let R be a left noetherian ring.  Then every inl'ective R-module is a

direct sum of VV-Prime modndes (E-Prime modules， E''一Prime modules). 

  Proof.  Every injective module M can be represented as a direct sum of indecomposable

injective modules M. .  ln this case， each M.  is injective and uniform.  Hence it is J？V-

prime (E-prime， E''一prime). 

                                g 7.  Exampres

 Example 7.  1.  Let Z be the ring of integers and Q the additive grouP of rational

numbers.  Then . Q is P-Prime and VV-prime but not Prime. 

 Proof.  lt is clear that . Q is P-prime.  And it is well known that zQ is injective and
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uniform.  Hence . Q is M/一prime.  However， since Hom (. Q， . Z) ＝ o， we have kz(Q) s

O.  Therefore zQ is not prime. 

  Examp！e 7.  2.  Let S be a simPle moaule with E(S) 1 S.  Then S is Prinee and E-

Prime， but not S-Prime. 

  Proof.  Assume that S is S-prime.  There is a non-zero homomorphism f of E(S) to S

s'uch that f(S) ＊ O.  We can claim that this homomorphism is an isomorphism.  Hence

E(S) ＝＝ S， a contradiction.  Now， we shall claim that S is E-prime.  Let S; be'a non-

zero submodule of S.  Then S ＝＝ S' and kE(s) ＝ kE(s・).  This implies that S is E-prime. 

Example 7.  3.  (H.  Katayama).  Let R＝［ (g 2)la， b E Ki， whe''/e K is a field. 

Then RR is w一加耀but nol P一門耀. 

  Proof.  lt is well known that RR is injective and uniform module.  Therefore RR is W-

P・im・.  L・tノー｛(oobO)b∈Ki・Th・n An・(R)一・・nd Ann(ノ)一」・ H・nce・R i・n・t

P-prime. 

  Example 7. 4. (H.  Katayama). 五et Z be the ring o∫integersα忽M＝Z×Q， where

Q the additive grouP of rational nzambers.  Then M is P-Prime but not W-Prime. 

  Proof. It is clear that zM is P-prime.  Consider the cyclic submodule C＝Z×OofルZ'. 

As is well known E(C) ＝ Q × O， and so E(C) A M 一一 Z×O.  Put x ＝ (O， 1) E A41. 

It is easy to show that f(x) ＝O for all f E Hom(M， E(C) n M).  Hence M is not

'V，V-prime. 

  After all we obtain the following diagram. 

      E！一prime module i:三≧ S-prime module召Z:≧E-prime module

prime module

L17-prime module (一一一7''一一 p-prime module
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