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A GENERAL THEORY OF SADDLE POINT

                                                                 Yorge NAGAHISA

                                        Abstract

  This article is devoted to the formulation of a general saddle point of a game and to the deri vation

of necessary conditions which the saddle point must satisfy.  The necessary conditions include the theory

of varjous games and differential games. 

1.  lntroduction.  The study of game theory has been initiated by John von Neumann and Osker

Morgenstern (Ref.  1).  Then， the game theory has been developed by mathematicians and economists. 

In 1954， lsaacs applied the game theory to differential systems， and this is the differential game (Ref. 

2).  After that， useful works in the branch of the differential game have been achieved by L.  S. 

Pontryagin， L.  D.  Berkovjtz and others (Ref.  3-6). 

  This paper is devoted to a general theory of games which includes a variety of theory of games and

differential games.  That is， in the case that a game or a differential game has saddle point， a (Gi;

G2， Ai， A2) 一saddle point which is abstraction of the saddle point in a game and a differential game

is defjned， and its necessary conditions is presented.  The necessary conditions will be applied to various

games and differential games. 

  In section 2， some definitions of terminology and preliminary results are present.  ln section 3， the

abstract saddle point is defined， and the necessary conditions which is satisfied by the saddle point is

proved . 

2.  Preliminary Results.  ln this section， we shall introduce some definitions and derive lemmas which

will be used for the proof of the main theorem in the following section. 

  Let 2クand :多！be real Banach spaces，1et！重be a nonempty subse重of、翅and l6t髭∈！1. 

Definition 1.  By the closcd cone of A at死， we mean the intersection of all closed ccneユ containing

the set

        A-x一 ＝｛a-i:aE A｝. 

We denote this set by C(A， x一). 

Definition 2.  By the local closed cone oピ！4 at死， we mean the set

        ムC(A，死)＝ ∩  C(ノ1∩2V， i)，
                    tN「三u(の

where U(x') is the class of all neiborhoods of x一. 

By Varaiya， the followjng lemma holds (Ref.  7). 

Lemma 1.  1. et z＃O.  The element z E LC( A， x一) if， and only if， there exist

   ｛ xn : xn E A， n ＝ 1， 2， …・・・…｝ and ｛ Zn : Zn＞ O， n ＝ 1， 2，・・・…｝， such that

        Xn一一一＞X， Zn(xn-x一) 一〉 z aS n一〉 c＞o. 

Let C be a nonempty closed convex cone in tr such that ｛rC-O'｝ ＝C2.  Then the following Iemma

1 A set C is a cone jf， and only if， o C c C for all o？. .  O. 

2 The symbol SO means the jnterior of the set S. 

   The symbol bi means the closure of the set S. 
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holds(Ref. 8). 

Lcmma 2.  Ifア1∈Co andア2∈C， thenア1＋ア2∈Co. 

 Now，1et us consider a mapping G from。7 into多/.  We assume that C is continuous and that，

for every z∈、26 there exist§aIinear continuous mapPing gz from、c望フ・into 多！such that

     σ(z＋εア、)一G(z)ε→。一・・(・)f・・ev・・yx∈2・・    (・)

                      ア  〉κ

Lemma 3.  Let:f∈！｛and(7( i)∈C.  Then

   ｛。・G(。)∈C・，。∈A｝一φ・impli・・LC(A，死)∩951(C・一G(死))一φ・

P…f. L・t・∈LC(A，珈9;1(C・一Gα)).  lf・一〇， gi(0)∈Co一σ(死)・th・t i・・C(i)∈Co・Since

i∈！1，死∈｛x:σ(x)∈co， x∈・4｝. 

Therefore， if x＝0， this lemma folds. 

We assum。 th、t x≠0.  Since・∈五C(A，死)， by L・mm・1， th・・e exi・t｛・7t:・・∈A・〃一1・2・……｝

and ｛λn:λ 'rt＞0， n＝1， 2， 。・・9・・｝

such that

   Xn   ＞ 死， λn(Xn-x) 一→ X    as   n E＞ ○○・                         「

Since 1/λn ＞Oas〃  〉Oc， it follows from q)that

互(死＋λn(篶璽)一G(死
@  1/Zn)

B，. 。一・、ω，

that・is，

   ・・(G(・・)一G(死))h＝;66一・・(・)・        (2)

On the other hand， x∈g;1(Co-G(i))， It follows that

        ，。(。)∈C・一σ(・).          ' (・)
          
Since C・＿σ(死)1・・P…et， f・・m(2)and(3)， th・・e・xi・t・ap・・itive n・mb・・N・u・h that

   n＞Nimpliesλ71(σ(Xn)一σ(i))∈co一σ(死)・

that is，           『   '

   ''＞Nimpli，，λ。(θ(。。)一(a。一1)G(死))∈C・.         (4)

Th，，e i、 a p。、itive numb・・M・u・h th・t・＞Mimpli・・λ・＞1・becau・eλ一→・・・… ＞QO・Since

                          し

CisaconeandG(死)∈C，
   。＞Mi血Pli，、(RnHl)θ(髭)∈C.     ・       (5)
Thr・ef・・e， f・・m(4)・(5)・nd L・mm・2・lt f・110ws that

   n＞max｛N， M｝ implies θ(Xn )∈co・

Since. Xn∈！霊，

   n＞max｛1V， M｝ implies x7↓∈｛x:σ(x)∈co・κ∈！4｝・

and'this contradicts the fact｛x:G(x)∈Co， x∈A｝＝φ・(Q・ED・)

3. Th。6。。cept。f Ab・t…tS・ddl・P・i・t・・d G曲Th…y，1・this secti・n・W・・h・11 i・t・・duce th・

。。ncept。f。b，t，act・addl・p・i・t，・nd p・e・ent necessa・y…diti・n・whi・h th・・addl・p・1・t m・・t・ati・fy・

1・・his sec・i・n，1・・貿・・客・・d 2二'b・・ea1 B・nach・pace・・1…d・・t・d・fine(σ・・σ・・Ai・A2)

一saddle point， there m''st given:

3 The symbol ¢ denote the empty set. 
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(i)d・・ed・・n・r…n・・C・⊂％・dC・⊂驚・u・h・h・・｛C・o｝一C・｛C・・｝rC・・

  (ii) arbjtrary subsets、41 and！望2 in 2ク・

  (iii)continuous funetionsσ1 from 2クjnto l72，andσ2 fronl・2グinto多/2

Definition 3. 2∈・彰be called a((71，σ2， Al，！望2)一saddle point if

     ム
  ①κ∈・41∩！d2，

        ム                       ム

  . ② σ1(x)∈CI andσ2(x)∈C2，

  ③σ1(κ2)∈Cl for everyκ2∈A2 andσ2(κ1)∈C2 for everyκ1∈！41， '

  ④｛x;σ1(x)∈Clo，κ∈！d l｝＝φ. and｛κ:σ2(κ)∈C20， x∈！虻2｝＝φ. 

  In order to obtain a meaningful necessary conditions for the saddle point， the following is satlsfied by

the functjonsσ1，σ2， the subsets A 1，！重2， cones C1， C2， and the(G1，(｝2， Al，！霊2)一saddle point. 

C・nditi・・.  At th・p・i・t f∈玖th・・e exi・t linea・c・ntinu・u・fun・ti・n・g、e f・・m 2クi。t。玖。。d

92診from J2クinto多重such that

        ム                   ム

     σ1(x＋εア1一σ1(x)、〉万一・・a(x)f・・ev・・y・∈7，   (・)

                       アー一→κ

        ム                    ム

     σ2(x＋εア～『 G2(x)、，。一・・S(x)f・・eve・y・∈。・7.     (の

                       ア  〉κ

  Now， we shall present necessary conditions which the(σ1，σ2，！重1，/蛋2)。saddle point must satisfy，

and give the proof，

Th。。，em.  L・t tr∈X' be a(σ、，σ，， A、， A，)一saddl・p・i・t…hth。t。t th。 p。j。t£， th・C。nditi。n

given in this section ls satisfied， and let KI andκ2 be arbitrary convex sets such that

                   ム              コ                           ム

   0∈Kl⊂LC(A1， x) and O∈1【2⊂LC(・42， x). 

Th，n th・・e exi・tアi∈:ク1・ndア;E 17/i，・・t b・thze・・，・u・h th・t・

   ア｛(9・e(・・))＋ア;(9蝋・・))≧Of・・ev・・y・・∈κ・・       (8)

   ア;(9・S(・・))＋ア;(9・S(・・))≦;Of・・ev・・y・・∈K・・       (9)

         ム

   ア1(σ・(x))＝・ o・                  ⑩
         ム

   ア;(G・(x))一〇・                  (11)

   ア童(ア1)≦O                     for everyア1∈Cl，                            (12)

   ア1(. ソ2)≧O      f・・ev・・yア・∈C・・        (13)

Proof.  For each xl∈K1， define a subset Bl(Xl)of:多/1 by

                          ム
   Bl(Xi)＝｛. y:9iS(κ1)十σ1('X)一ア∈C1｝，

1et

                               ;

   Bl＝UBI(Xl). 
       x'lr＝Kl

Sjnce KI ls convex，、Bl is a convex subset of ll''1.  Also， since O∈1(1 andσ1(1)∈C1， it is obvious

 that O∈Bl SupPose that B1∩Clo≠φ， that is， there is an elementア。∈Bl∩qo， then there exists a

Zo∈Kl such that
                 

4 The symbol 2/  represents the conjugete space of多〆
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               ム
    91診(Zo)十σ(x)一ア。∈Cl. 

Thls means that

   ・・∈9逐(c？ 一σ・(2)).   、・     ・

On the other hand， zo∈1(1⊂LC(Al， x).  Therefore， by Lemma 3， it fo！lows that

     ｛x・σ・(・)∈C・，・∈A・｝≠φ，    ・'『 .  ・     '一
                   ムand this contradicts that x js(σ1，σ2，！11，！蛋2)一saddle point.  Hence

           β1∩co＝φ.                      .  (14・・

 It ls obvious from(1①that C(B1，0)≠ア1.  Sinceβ1 is convex， C(β1，. 0)is also convex.  Therefore，

th・・e exi・t・a・…e・・，・・ntl…u・li・・a・. ・f・n・ti・n・1ア1∈劉＊t・ng・nt t・C(B・，0)・t・・igi・・，(R・f・9・

p. 噛 S25)namely，                                         . 

     ア1(ア)≧O   for everyア∈β1.                        (15)

From the definition of Bl， it is obvious thatア∈β1 for everyア∈一C1.  It fo】10ws from U5)that

     ア1(ア)≧O  f・revery y∈C・.              ㈹
1・i・・b・i・u・・h・1σ、(禽∈β・，・・，f・・m・aS)w・・b・・i・th・・ア1(σ・(£))≧0， whi1・， yl(σ・(£))≦・be・au・e

   ム
σ1(x)∈Cl.  Thus we obtain that

                ア1(0、(2))一〇.             (17)

                ム
Since g】∫(Xl)＋(｝1(x)∈Bl for everyκ1. ∈1(1， i重follows from(玉5)that

                 ム     ァ1(g1診(xl)十G1(x))≧O  for every x1∈」Kl                ｛18)

From(17)and(18)， it foUows that

     ，:(・・a(・・))≧・ f・・eve・y・・∈K・.      '   (19)

  Similary， if we define the set B2 by                ・

           B2＝∪β2(X2)，
               x2∈K2

where

                          ム
     β2(X2)＝｛ア:92£(κ2)十σ2(λ:)一ア∈C2，κ2∈κ2｝，

we obtain that

           ア;(ア)≦;O   for every   ア∈B2・

that is，

           y;(ア)≧O     for every     ン∈C2・                   2①

                 ム
           ア;(σ・(x))一〇，       、       ⑫1)

           アを，(9・S(・・))≦Of・・eve・y  ・・∈κ・・       eZ

                                     ム  Let x2∈1(2 andκ2≠0.  Since 1(2⊂LC(！望2， x)， by L. emma I， there are｛κn:x？t∈！望3， n＝1・2・

… …… ｝ and  ｛Zn:λn＞0， n＝1， 2， ………:｝

such that

          ム              ム
     Xn   ＞X， λn(Xn-X)一一→X2     as      n   ＞○○・

By Definiton 3，③and〔16)， it follows that

     アi(σ・(Xn)≦0・     n＝1・2・'●''…'・      ，
               ム                              ム

From(17)and rn＝・x十(1/kn)(λ・n(κn-x))，η＝1，2，………，
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     yi＊ (Gi(Ax＋t-1. (Zn(xn-Ax))))一yl (Gi(''x))

                                         go， n＝1， 2， ・・・… 一・. 
                     Zn

From (6)， this means that

            yl (gi. '' (x2)) :＄｛ O. 

From the fact that yl (gi. '' (O)) ＝ O，

         x2 E K2 jmplies yl'' (gi. ''(x2))g.  O.  (23)

Similary，

         xi E Ki implieS yi (g2G(xi));1. z O.  ， (24)

From (19) and (29， jt follows that

     二yl(9】L診(xl))十ア峯(92診(κ1))≧O   for every xl∈ κ1，                          (25)

and from op and (23)， it follows that

     yf (gi. '' (x2))十yE (g2. '' (x2)) -.  O for every x2 E K2.  (201

FromeS， ee， (17)， (2i)， (・16)and (20)， this theorem holds.  (Q.  E.  D. )

4.  Concluding Remarks.  ln the・ case that a game or a differential game has the saddle point， the

theorem shown in Section 3 give the necessary conditions which is satisfied by the saddle point.  The

theorem is applied to not only a game in a finite demensional space or a multistage game， but also a

game in a function space or differential game， because the theorem is discussed in a Banach space. 

  In case of applying this theorem to a game， the subsets Ai， and A2 are sets of strategies of each

player， and the Gi and G？ are a payoff function and constraint conditions of the game.  ln case of

applying it to a multistage game or differential game， the subsets Ai and A2 are subsets retaled to

strategies of each player， and the Gi and G2 are terminal conditions and constraint conditions of the

game. 
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