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Lazzarini and Buffon’s Needle Problem
—Calculation for Algorithmic Probabilities harnessing Symbolic

Computation Systems——

NG

Shunji OUCHI

Abstract

Comté de Buffon worked out the probability that a needle of length [ thrown at random on to a
grid of parallel lines with distance a(> !} apart cuts a line to be p = 2I/ma. So, if we conduct an
experiment by repeatedly throwing a needle a large number NNV of times and find that the needle cuts
a line R times, then we can obtain an estimate of w from the approximate equation m =~ % - -2;! This is
well known as the Buffon’s needle problem. The most accurate estimate of 7 in this way was credited
to Lazzarini. He reported an experiment based on 3408 trials which resulted in 1808 successes lead-
ing to the equation m ~ 53408 = 216x213 — S X213 — 358 — 31415929 --. Notice that the strange
numbers that appear in this computation and how the numbers factorize nicely yielding the value of
m as the ratio 355/113 which is known to be the best rational approximation to 7 involving small
numbers. The game played by Lazzarini is now clear as revealed by independent investigations due
to two scientists. In order to get the ratio 355/113 when I/a = 5/6 , one has to get the ratio 113/213
for R/N, i.e. , 113k successes in 213k trials for any positive integer k. In Lazzarini’s case, k was 16.
There are two possibilities. Either he did not do any experiment which he described in great detail
in his ariticle and just reported the numbers he wanted. Or, he did experiments in batches of 213
trials and “watched his step” till he struck the right number of successes. In this paper we consider
what is the probability that with 16 repetitions, as done by Lazzarini, one can get the needed number
of successes, 113 x 16. Making use of the idea of partition and utilizing the symbolic computation
system Maple, we obtain the exact value for the above probability.
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PATRR—EIZB I NI ED BicdtE T v 7 2T, ITRE R Dol tOEHZ D L2k >T, «
DEEMERRED VI DR 2R OEOBBETHHN, TOHEIZLD 7 DG EMEEMESL LTI v
P =2 XD ERFER (3408 FEIF 1808 ERb o 1) BE I TV D, ZOERBERIZLIUL, Hokse
TATROBMRE DLZ 5/6 L Lzl &, 7 ORI r~ 3308 = 320x28 — 5x23 — 388 — 31415929 ---
LB, EZAT, ZOFEBRTICENDEEEIS5/1131E, © OLRVHTEN LR B EREEEE LTSH
HABICHFETRREN TS, LER-TCZIOFBRRICERT L, $tORI LFETHROMBL DLE 5/6
LLimex, Sy =DRFRE2BD-OICT A3k IXBEAREK) BFH X 5 & 113k BRD D E CEREHE
T EOEBHERB/OND Z LY, Ty P Y =0ORE kA 16 DFETLE 21D TRV E N ) EEN
BHINTWND, ZITIOFHRILTIE, 213EDOEREZOEELEVELT, T F I =DERTITON
IO I6EETORMVBELIZE T, BHLILEBIOEHBIFEONIHREHE L THDZ LI L,
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ET, H2, 3HTRABEOERICOVWTHERL, F4H CREOERLEHEFIEIZ>VWTHRN, F5E
THREOHEIDEZ FEFAL, ROPEROHENR VAT YT 4y 7 RHBCBEERIAONDZ LE2R
T, EHICEOERROHEIIBERLTEHENLELRDHDT, F6HTRLEFHE L AT A Maple V
kB 7a sl IS ZOETERICONTHET S, A FORHHEEZAHIR LRI CHEEEFHEL,
FOMEN0.280 725 Z L EHEBROZRE (BEIHR (1] p213) LTV, bhvbhIIpERELE Z
OFREYNERELE (10 #7) Z2RDD,

2 EaRVOEDOEE

RS CEBOHE, RABEOHERIRIER & OBFEMTALASTZMBEITE LT - Irnikil L b
32— arEANTE ZENHKSE, ZOFELT - AN OEDOERN E 2R O ORIE S ITh
AROBETH D, 18HLDT 7V ADERBFE ThH o722k (Comté de Buffon) 1%, KD EIZH
B a DEATED—EIZSIDNIERDO EICE S (< o) D#tE T V¥ DIRITTESE, TOHBRFETHRER

DD MR
2l
p=— 1)

Ta
ThHBZLHREX LD, ZITHE NE (N ZHEXKEVETHD) BIFIEREIToILZAH, #MRF
e REIZZbo=ELE D, 20X

%—-)p (N — 00)

MO ST, T O T D, ~ORE, NA+HKE e X % ~ 2 sy ronT, 10N

U S e

==
ol

™ &

(2)
ELTHLND LV BDTH D,

3 EBAOWOMrDORYBEH

TR~ L DI, SHENC Do THEBBHICRTZ r OIEEHEZ RO D Z LB TED, T
DL HHRERIBMAOEL LD THDH, W OPORRBEEBBEEINLTND (BBXRK[1]12L D),
P, 7T TN RDTHAT (Wolf) HiZAS, 1850 £EA5 1860 FDMNT 36 I U Dt% 45 I Y HED
EAHE T 5,000 B, $HIME 2,352 Do L0 ) BENE->TWD, ZOHA (KLY, 70
E1X 0.6% D=0 3.1416 L 725, & HIT 1890 4EA5 1900 FIZANT T, 74y 7 A (Captain Fox) iX
1,200 ElOIBMERERA, FIFITHADTARRLBED RV 1 = 3.14159 LW I EZFILL INTND,
TOLIRERICED T Dbo L bIERIGELMEE LU, 42 YT ORFEET v U = (Lazzarini) I &
BHDONH D, WITEEDELHFIITY (Periodico di Mathematica,1901) {28V T, 3,408 EIDFRITH 1,808
BRI L7 = & 2 HMICHE LT3, BOERBERICIE, © OFEHEIX/a=5/6 LIt %, (2)
£ 53408 355

nmgﬁ@=Tﬁ=&Mw%9~
LD, TOEBOKE6MECHENEL —HKLTWS, ¢ ZATEROAIDEATICHN L FEEK
355/113 1%, m DHRVHHELA B 72 HHEHGEML L LT 5 #idic FEOFHEMAZ (Tsu Chung-Chih) (2
FoTHEMINELOTHY, ZOFBRKIZKRS © OFEEIC L 5T EU#EX 52163/16604 T, 5&FIC%<
OHIEOEBMEL 25, £2T, 7y ¥ Y =OEREROLY LA 355/113 B TL 2EHBRESL

EATHDE
53408 516 x 213 _ 5 x213 355

31808 316 x 113 3 x113 ~ 113
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L0, TPV =0 bABHBILRD, ZOZ LiEF Y v P+ (N.T.Gridgeman, Scripta Mathe-
matica,1961) & A LA X (T.H.O’beirne, The New Scientist,1961,p.598) 1= & ¥ MIZIZEA & I 7z,
bbb lja=5/6 & Lizk X 355/113 LW O ERBESHICH, R/N & LT113/213 &0\ 5 ofE, S0k
2T, BIK 213 MoRTE 113 B, F7203213k BEEORITHH & 9 £ 113k BOI 2 &2
ERbR, FyFI=DBREkEOENR16 THLZDTIRHRNNENIDTHD, ZIT, 2 OOFEENE
NEZBND, FTE L, T o) Sd@mXPICHER LZERE—ELIThT, 200bYESBREAT
W ERE LICBERNWE W) FRERETH D, F L2213 EDOERZVEEEED L LT, HIAED
BOOEENEONT-E ZIZEREY IEDIZFREENSE X OND, ZOMITIE, HEOFRHEICONTE
x5, Tibb, ZyFV=OERTITONIZLDIC1I6EETOHRVIBELIZE>T, BERILEAIOREEK
DEONIHEEEZHET D,

4 RIEDEXE

ZOETIE, B3R TRASEHEROHELT 5D ORBEOERL & HEFIRIC OV TIRRD, 213 [H
DEHEIT OEREY 1 MOFRITEL L, F & kB ORIT (213k B OEHHRITER) BT, 2LHT 113k
EORDNBZ H2ERLETNE, 16 B ETORTITBVTER LIZRD) (BB FITRE R D D) ORER
113/213 &b BRERIT, P, Fr) L ET DD, B R, F, -, Fig THREWVCHRARFLTH D
S

16 16
P(|J F) =) P(F) (3)
k=1 k=1
L72%, P(Fp) (k=1,2,---,16) ZEHERD S Z LIZEH LV, kEEORTICIVT 113k BEORIhAE
IBERE, OFERIL, 2HESMHIES DT

213k
P(Ek) — (113k> p113k(1 _ p)IOOk k=1,2,---16, (4)

CEVERERTETHS, 22T, piE (1) TEAbAD, UTF, P(F) % P(E;) (j=1,2,---k) AW
THRTEEEZD, £F, 1HBOER I3 EOEREZK T TEETEDLNRVDT, FHFA X
ERE B TD, Thbb

P(F,) = P(E,).

WIZ P(FR) IZ2WTERD, FRRBRITE BDEIDBWVWTE PMEIDHZ LEND
P(F;) = P(E; N Ey)
— P(E,) — P(E1 N Ey)

LB, 2T, B 1B ORESERT, 3T, " BRIZFRENE; (1<i<j)iL, BEREPEIDY,
B EMEHERE,_, BNRBIDHZIELTHY, ZO2O0DFEHIMIENL

P(E;NE;) = P(E;)P(E;-:)
RELD ST, = OBIERE BIUE P(Ey N By) = PX(Ey) BSRY S1om 5
P(F;) = P(E,) - P*(Ex) (5)
Lied, MROEXSLT
P(Fs) = P(Ey N By N Es)
— P(E;UE, N E3)
= P(E3) — P{(E1 U E2) N E3)}
— P(Es) — P(Ey N E3) — P(By N E3) + P(Ey N By N Es)
= P(Es) — 2P(E,)P(E2) + P3(Ey) (6)
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155, P(F,) DBRITEHECR D,

P(F4) = P(El mEg ﬂ.E_gﬂE4)
= P(E,NE, UEsNEy) _
= P(E4) — P(El ﬁE4) - P{(Ez UE3) ﬂE4} +P{E1 N (Ez UE3) ﬂE4} (7)

(7) D% 3, 4 HiZThEh

P{(E;UE3)NE,} = P{(EsNEy)U(E3sNEy)}
= P(E2 n E4) + P(E3 n E4) — P{(Ez N E4) N (E3 n E4)}
= P?(E,) + P(E,)P(E3) — P*(E1)P(E),

P{E;N(E2UE3)NEy} = P{(E1NE;NEy)U(E; NE3NEy)}
=P(E1 ﬂE20E4)+P(E1 ﬂE30E4)—P(E1 nEgﬂEgﬂE‘;)
= 2P%(E,)P(E,) — P*(E,)

LiBHE, ThbE (7) IKRALT
P(Fy) = P(E4) —2P(Ey)P(E3) — P2(E2) + 3P2(E1)P(E2) — P4(E1) (8)
LD, ABOEXFEEYET I LICE ST P(F) 2R 5 L

P(Fy) = P(Es) — 2P(E1)P(Ey) — 2P(E»)P(Es) + 3P(E1)P*(Ez)
+3P%(E1)P(Es) — 4P 3(E1)P(Es) + P°(E1)  (9)

LRy, TENSREREBD, S5ITP(F), P(Fy), P(F) LIBRFELTITL &, TN ORIE
FNAEHIT 11, 15, 22 L EFRCHEML, P(Fie) TiX231HE 725 (5 6 & Maple DHIERSR), L
oMo T, ZOETHRALE S RHEFIEELR YV IBTHIEILL > T P(Fe) Z ERMICEET S Z LIIXER
ARETH D L B3,

5 BEREOSDE L P(F) OFER

METRIZE IS, P(F) (k=1,2,--) XAEN THELEORN bR ESEXTHS ((5),(6),(8),(9) &
B2, FEEZELIARNTHDZE, Zhbdt TEREDSE| (partition)] OEZXHTZMANDH LI AT <
F A TIHERTE D Z LIZR DL, ZOHTIE, TOEMIEIZONWTHRRS, REIZADRNIN DHh0
#fEE L TR, 7, BRE n OZENI DN TS,

(B BRE n OHBILIL, n ZBRFOTMTRLEZBOTHD, KL, FTHRT & & DIRFIIMD
RNbDETH, ERERE N ORRIHBIOEKz 5FEE W p(n) ERTS

ol B 5 DHENT,

5=14+44=24+3=1+1+3=1+2+2=1414+1+42=1+1+1+1+1
DEHIEHTTEVDY G BHFLHBEAHRRT), p(b)=7TdH5,
SEEEHE T ZT A Maple TIHEEO BRKONEZHHEICHE L T D, FIXIE5 OREEZRDHDOT
biux
>with(combinat):
L RBEEER D Ny r— VR F RS,
>partition(5);
Lawr REANTHE, 5 OTXTOHEN

[[1,1,1,1,1),[1,1,1,2],(1,2,2],[1,1,3],{2,3],(1,4],[5] ]
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LU A b (Maple TE, [ | CHENZEFOEEY % U2 FEFY, 1HMOF—% & LTHD) OB TEZ 5
N5, W~Hix, HENEFTHEIKRELRDIEFICR>TND, ZI T OPDOREEFEALTEL, £
F45%Eid Maple DHAD L WA THDbDET D, ZOLEERHEDi(i=1,2,---,pk)) EBDH
% by, TONEOBEROEE ny; b, FRENEL Z LT 5, éB_,%%mleQ—lz )
FROBREE by (j) LEE, 8 OEFETI=1,2,-- k) KELVEROHEE 0, &5 5,
rmjbmquLLﬂ,%3=4,%ﬂ@:2 Ny, = 3

U Eo#Es LT &, P(F) (k=1,2,---16) KRN LZBEDOEIL, BREk ORFIHIGSEDH T &
WKESTUTDEICVAT T 4y 7IZET 5,

1. P(F,) (T8N 5 80T B R k OEE p(k) 1I2% LV,
Mpl) P(Fs) i3 p(5) = 7THEMNDRD,

2. P(Fy) O i(i = 1,2, ,p(k) BERT 20552 LR VETIAE b, OEREEXFICHO
BHE, (=1, ;) OHRL 725, TRbbE i BOWSE

Nk,i

H P(By, () (10)

j=1
LET B,
M) k=5mnL &, H2IE (i =2) DMEIL, D8I b2 =[1,1,12] IS TEINTLIVAS
[1727 P(Bog n() = oy P(Bos () = PELP(By) 7250

3. P(F,) O i BOREE, 5F be; O ng; HOEREWARDNEFIORENFE (—1)™ T 2F Lk
HLOWZHE LW, TRObLE { HOBRKIT

A
—1 Nk, +1 Tok,s- 11
LET B,
th_5®k% %2%@—%@%&@ 5E b, = [1,1,1,2) ® 4 HOEF 1,112 <3
%ﬂ@%ﬁgﬁ— WHE (D = -1 28T T -4 &5,
PUEME, R P(F,) (k=1,2,---16) iX
p(k) -
P(Fy) =Y (-nmitt =L — H P(Ey, ;(j)) (12)
=1 Hl =1 bk 7=1

LET5,

6 Maple ZfAUN=30 P(F,) DFE

Z OB, BIEICENE (12) RV THE S, P(F,) 2 BEMICEHET 2, LaL, ZOREIIY
HOFIN LR HAT, K4 OHEIT _ﬁﬁ4@ﬁ®%fﬁéﬂétb,Wﬁ&%ﬁ%k&éo%:Tbnbﬂ
iR Y v AR EENTIREZ Maple Z FAWCEHE TS Z &I L, #iffi T~/ FIE% Maple TF' 1 7
SILVITTHREROEITRD, I2IEL, #DEBATZIA L FXTHD,
> #Calculation of the probability of getting the right number of successes
> # produced by Shunji Ouchi(August,2002)
> with(combinat):with(stats): -with(describe):#£ LA F DS E & 5 7= DICBE S Ir— V& FHIAL,
> n:=213:1:=113:tho:=5/(3*Pi): # LB IR ELR & FHALe,
> kaijyou:=k — > mul(i, i=1..k ):#k OHERELERT D,
> Pe:=x — > binomial(n*x, l*x)*(l—rho)En*x—l*x)*rhofl*x):#2 HEREERT Do
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> ProbF.1:=Pe(1):#P(F,) % P(E,) L E&ET b,

> for p from 2 to 16 do#for L —7"DIE Y,

> bunkatu:=partition(p):# H &3 p DHEI% bunkatu & WO ARID Y X MTT 3,

> eachP:= [seq(mul(PE[j], j=bunkatuli] ), i=1..numbpart(p))]:#(10) % 53 & ¥ p(p) EFFE L, eachP &\
HLERDY A MZT B,

> countN:=[seq([seq(nops(select(x — > is(x=i),bunkatufj])), i=1..p)], j=1..numbpart(p))]|:#1 225 p £ T
DENRESEIOFIATE S 2548 %, countN W IARTOY X MIT 5,

> kakezanN:=[seq(sumdata(countN[j]), j=1..numbpart(p))]:# P(F,) DEEAAEDOE T DFEL S %, kakezanN
EWVWHERIDY R MTT D,

> bunsikai:=map(kaijyou, kakezanN):#5 5 Z BRI/ %K (11) 4 FEEHET 5,

> keisuu:=[seq(bunsikai[i]/mul(kaijyou(countN[i][j]), j=1..p), i=1..numbpart(p))]:#& B % & £ RV R
(11) ZFHE L, keisuu EWVWIAHDY X MIT 5,

> termP:=[seq((-1) (nops(bunkatu[i])+1)*keisuu[i]*eachPl[i], i=1..numbpart(p))):#(11) x (10) 435 p(p)
BEHE L, termP WO ARIDY X MZT 5,

> PF.p:=sumdata(termP):#(12) Z & &3 5%,

> ProbF.p:=subs(seq(PE[j]=Pe(j), j=1..numbpart(p)), PF.p):#(12) OH D P(E,) \Z (4) DHD (2 HHE
FOR) ERAT D,

> od:#tfor V—T DD,

ZITE, RIBOHNE P(Fig) ODHABROHFT I LIZT 5, UUTTIE P(E;) 2 PE; ERRFLTND,

P(Fi) = 3 PEy*PE 3 +6 PE, PE;PEg +6 PE3 PE¢PE; +3 PE4*PEg +6 PE3 PEsPEg +3 PE,> PE 4 +
6 PE, PE3PE 5 + 3 PE3?PE g + 6 PE,PE3PEy; + 6 PE, PEyPE o + 6 PE; PEgPEy + 6 PE3 PE,PEy +
3 PEs®PEg + 6 PEPEyPE13 + 6 PE,PE,PE g + 6 PE,PE4PE, + 6 PE,PE;PEq + 6 PE,PEgPEg —
120 PE, PE,PE;*PE, + 252 PE,% PE,PE,* — 420 PE,*PE,?PE,* — 60 PE,® PE5® PE, +

630 PE,2PE,?PEs®PE, + 252 PE,%PE3s? PE, — 840 PE,*PE; PE3? PE, + 140 PE,3PEs* PE, +

210 PE, PE»*PE3PE4 + 1512 PE,° PE,2PE3PE, — 1120 PE,®* PE;® PE3s PE; — PEg®> — 2 PE;PEg —

2 PE¢PE;o + 20 PE,® PE5PEg — 720 PE," PE, PE3 PE, + 420 PE,® PE, PE3s PE,? + 3 PE, PE,* —

168 PE,® PE3 PE,*>—15 PE>*PE,*>+6 PE4PE5 PE;+210 PE,*>PE® PE>+15 PE,'* PE;+5 PE3* PE,—
45 PE,®PE,*> — 360 PE," PE,>PE5 — 12 PE3 PE,2PE; + 110 PE,° PE, PE5 — 14 PE,** PE3 — PE,® +
36 PE,2PE," — 210 PE,*PE,% + 462 PE,% PE,® — 495 PE,8 PE,* + 286 PE,'°PE,® — 12 PE,'' PEs +
10 PE,2PE,® + 20 PE, PE;PE,* — 91 PE,'? PE,® — PE,'® — 60 PE,?PE,PE,® — 90 PE,*PE3*PE > +
30 PE,PE32PE,2 + 35 PE,*PE,® + 110 PE,° PE3 PE, — 30 PE,*PE,PE o + 30 PE |2 PE,*PE 1o +

20 PE,®PE3PE o + 42 PE, PE,° PE5 — 90 PE,® PE3 PE;5 + 20 PE,*PE,PEy — 1260 PE{° PE,*PE; +
60 PE,2PE;PE;PEg + 7 PE,®PE o — 12 PE, PE;? PEy, — 12 PE\>PE3PE;, — 12 PE{*PE2PE;> —

4 PE,3PE,3 + 30 PE{2PE3?PEg — 30 PE,*PE,PEg — 12 PE,>PE,PEg — 24 PE, PE3 PE,PEg —

94 PE, PEoPEsPEs—12 PE,%PE¢PE3+60 PE,>PEsPE,PEs—280 PE,® PE,* PE5—30 PE1* PE3 PEg+
156 PE,* PE, PE5 — 120 PE,® PE, PE3PEg + 60 PE, PE,2 PE3PEg — 8 PE\" PEg + 42 PE,° PE,PEg —
60 PE,3PE;2PEg + 20 PE, PE,®PEg — 12 PE2?> PE3 PEg — 12 PE| PE3* PEg — 24 PE, PE; PE,PEg —
12 PE,2PEsPEy — 4 PEy® PE1o — 24 PE| PEy PEs PEyy — 12 PE,®* PE,PE 1o + 504 PE,°* PE;® PE5 +
504 PE,® PE, PE3 PEs + PE1g + 5 PE,*PE15 — 120 PE, PE2% PE,PE5 4 210 PE,* PE3 PE,PEs +

60 PE,2PE; PE,PE5 + 60 PE, PE;? PE,PE5 + 20 PE,° PE; PEq; + 420 PE® PE,> PE,PE;5 +

72 PE," PE,PEs + 20 PE, PE;® PE5 — 336 PE,° PE; PE,PE5 + 1260 PE,*PE,® PE3* —

180 PE, PE+*PE3*PE5 — 60 PE,2PE5® PEs + 3 PE4PE¢> + 420 PE,* PE; PE3* PE5 —

30 PE,* PE3 PEs — 1260 PE1® PE,>PE5? + 495 PE,® PE, PE3* — 66 PE,'°PE3? — 168 PE,°PE;* PE5 +
420 PE,2PE,® PE3 PEs — 6 PE,°PE,, — 2 PE5PE,, — 2 PE,PE 3 — 2 PE3PE 3 — 2 PEsPE4 —

9 PE, PE,5 — 840 PE,*PE>*>PE3PEs — 56 PE, PE,° PE5 + 504 PE,° PE,® PE3 + 1320 PE," PE,* PE; —
660 PE,° PE42 PE5+140 PE, PE,® PE3® +252 PE,® PE,? PEg—560 PE,% PEs? PE3® —90 PE,® PE, PEg+
11 PE,°PE¢ — 28 PE,°*PE;? + 105 PE,* PE, PEs? + 504 PE,° PE, PEs® — 12 PE, PE,PE5® —
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4 PE{PEs® + 30 PE{2PE,PEs? — 120 PE," PE3® + 60 PE, PE, PE3 PEs? + 21 PE2° PE3> —

90 PE.2PE,?PE5? + 10 PE,3PEs? — 60 PE,® PE3PE5? — 6 PE3>PE;% — 180 PE, PE,*PEsPE % —

420 PE,?PE2*PEs* — 60 PE,* PE4*PEs + 60 PE, PE,PE,*>PE5 — 360 PE,>PEyPE; PE,PE5 —

60 PE,%PE3? PE; + 60 PE,PEoPE3>PE; + 20 PE, PE3 PE; — 4 PE3® PE, — 180 PE,2PE,2PE; PE, —
56 PE,° PE3 PE; + 210 PE,* PE, PEs PE; — 168 PE,° PE,> PE; + 140 PE,* PE,*PE; —

30 PE,PEy,*PE;+72 PE," PEyPE;+13 PE{'*PE,—10 PE,° PE; —15 PE,*PE¢%+30 PE;? PE,PE¢® +
60 PE, PE,? PEs PEg + 60 PE,?PE3 PE5s PEg + 42 PE,° PEs PEg — 120 PE,® PE, PE5 PEg —

24 PE,PE3 PEsPEg — 24 PE, PE,PE5sPE¢ — 6 PE;2PE¢? — 12 PEPE3PE? + 30 PE{*PE,*>PE¢ +
120 PE, PE,PE3 PE,PEg + 20 PE2® PE4PE¢ — 120 PE3 PE; PE,PE¢ — 180 PE > PE2?PE,PE¢ +

210 PE,*PE,PE,PE¢ — 56 PE,®PE,PE¢ — 12 PE3*PE,PE¢ — 12 PE, PE,> PEg + 20 PE{ PE;*PE¢ —
180 PE12PE,PE3?PEg + 30 PE,2 PE3*PEg + 105 PE,*PEs® PEg — 120 PE, PE,2 PE3PEg —

336 PE,° PE,PE3PEg + 420 PE,®PEy> PE3 PEg + 72 PE, PEsPE¢ — 6 PE,® PEg — 15 PE,?PE3* +
105 PE 2 PE,* PEg + 105 PE> PE, PEs* — 70 PE,* PE3* — 280 PE\*PE,3PEg + 5 PE,* PEg +

42 PE,° PE;PEs — 168 PE{2PE,* PE, — PE,* + 7T PE,*PE, — 840 PE % PE,®PE 4 +

495 PE,3 PE,?PE, — 12 PE, PE3? PEs — 60 PE,2PE,3 PEg + 630 PE,* PE,*PE, — 56 PE:° PE,PEg +
9 PE\®PEs + 105 PE1*PE,” PEg — 6 PE1*PE;* + 20 PE,* PE¢ PE; — 132 PE,'°PE,PE, +

60 PE.2PE,PEsPE; + 60 PE, PE;2PE4PE; — 120 PE,3PE, PE,PE + 60 PE,>PE3 PE,PE; —

30 PE,*PEsPE; — 24 PE,PEs PE,PE; — 12 PE, PE,>PE; — 12 PE;*> PE5 PE; — 24 PE, PE; PEsPE; —
24 PE, PE, PE¢PE, + 42 PE.° PE,PE,; — 6 PE,PE3°

ERD PE;, i (4) OFRERALFHET D L&, P(Fie) DEBRMENRED (HWHRBRIINRY OSEIA
50T, ZITIEMTD), &bi

> evalf(add(ProbF.p, p=1..16));#evalf IZRBY/NIURIERLZRD L LWV ) aw K,

L, awr FEANT B EIC LT N P(F) DEORE/NGAEEUIE 0.2887341333 2185, = OfE
OOBEAMENERLA LD, 7??&1"‘*0)$&ﬂ:b'@ 21E 0.280 i —%T 5,

7 BbHYIC

PERERICBNTIE, W OO FROMEROEFRORLLHET 2 BENS 4 b5, Z0L
RHEEOHEL, FROBMEIDLELELMMITRY, ThbFERICEEYT 5 & 13D THREIC
BB, FOLIREEC, BEETRLEBREONEIOEZ FERITS L L XTF v 1y 7 IREHE AT
IR BEARB S L BbD, £, EEOHETIEL0 &0 A ARROSERIL50 282 50T,
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