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Studies on the Added Mass and Added Moment
of Inertia of Propellers-II*

Effects of Pitch Angle on Controllable Pitch Propellers

By

Masaaki TAKEUCHI, Eiki Osak1, and Yoshihide Kon**

In the case a controllable pitch propeller, the values of the added mass and added moment

of inertia are changed by varying the pitch angle during operation. It can be noted that the
value of the added polar moment of inertia is greatly influenced by the pitch angle. However,
there are few papers about the effects of pitch angle on the added mass and added moment of
inertia. Therefore, in this paper, in order to evaluate the pitch angle, which has a great effect
on the added polar moment of inertia of the propeller, the experimental studies were carried out
using a model propeller which could change only the pitch angle. As a result, the following can
be understood: 1. It is necessary to consider the effects of pitch angle when designing a pro-
peller shaft on which a controllable pitch propeller is mounted. 2. The two-dimensional oscil-
lating wing theory, corrected by the coefficient of the threedimensional correction Jp, is very
effective for calculating the added polar moment of inertia of a controllable pitch propeller.
3. In a state of resonance which is under torsional vibration, the value of the unsteady charac-
teristic can be determined by the order of the torsional vibration, the radial position of the
propeller and the chord length of a blade. 4. The value of the unsteady characteristic can be
represented by the value at the radial position of a propeller 0.7R.

1. Introduction

But, in the case of a controllable pitch propel-

In the previous paper!), when the principal spe-
cifications of a propeller were given, it was shown
that the added polar moment of inertia of a fixed
propeller could be accurately calculated by apply-
ing the three-dimensional correction? to the value
which was obtained through the potential theory®
or the two-dimensional oscillating wing theory.4®

ler the values of the added mass and added
moment of inertia are changed by varying the
pitch angle during operation. It can be noted
that the value of the added polar moment of iner-
tia is greatly influenced by the pitch angle. How-
ever, there are few papers3® about the effects of
pitch angle on added mass and added moment of
inertia. Also, in these papers there are some
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faults: the experiments are narrowly limited in
the range of pitch angle. And other facts influ-
ence their results; differences of the blade form
and blade area ratio etc, because of the use of
series model propellers in the tests. These pa-
pers are insufficient for the evaluation of the
added polar moment of inertia of a propeller such
as a controllable pitch propeller, for which only
pitch angle can be varied.

Therefore, in this paper, in order to evaluate
the pitch angle, which has a great effect on the
added polar moment of inertia of a propeller, the
experimental studies were carried out using a
model propeller which could change only the pitch
angle.

2. Added Polar Moment of Inertia

2:1 Nomenclature
V: velocity of steady flow (m/s)
Z,. distance between datum position and
centre of wing (m)
6: angle of attack to steady flow V (rad)
B: chord length of wing or propeller blade
(m)
w: circular frequency of wing (rad/s)
lift in vertical direction to steady flow V
™)
o: density (kg/m3)
C(v): THEODORSEN function
v: reduced frequency

Jo. /1o BEsseL function of the first kind of zero
and one order
Yy, Y: Bessin function of the second kind of

zero and one order
B(r): angle in tangential direction of propeller
to steady flow V at radial position » of
propeller (rad}
Z. number of blades
Ip,: added polar moment of inertia of propeller

2:2  Fundamental Equation

The two-dimensional oscillating wing theory,
which can explain the physical mean of the phe-
nomena, is the most effective method of evaluating
the added mass and moment of inertia of a propel-

ler”. Therefore, this theory may be applied to
the added polar moment of inertia of a propeller.
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Fig. 1. Tow-dimensional thin wing.

As shown in Fig. 1, for a thin two-dimensional
wing which has translational motion in the verti-
cal direction to the steady flow, and also has
rotational motion round the centre of the wing,
the unsteady lift of the wing is shown in equa-
tion® (1).

2 " i
L{t) = np(%) (—Zq+ V)
+ 10 VBCW(~Za+ 26+ ve) )
where C(v), the complex function in which reduced

frequency v is parameter, namely THEODORSEN
function, is given by equation (2).

Cly)=F)+iG(y) ]
- fl(V)‘“l'Yl(’J) (2)
7+ Yo)F i {Jolv)— mu)}[
= Bo
o=y

when applying equation (1) to the blade of a pro-
peller, assuming that these motions are under the
harmonic vibration of frequency w, it can be

shown that
Zo = Zaet | = feivt (3

If equation (1) is rearranged using equation (3),
the following equation is obtained,
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Fig. 2. Components illustrating the hydrody-
namic forces exerted on a propeller

blade.
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Fig. 3. Translational motion of a propeller
blade and hydrodynamic forces under
torsional vibration.

Next, we apply this theory to a propeller which
is under torsional vibration ¢ = ge’. The coordi-
nates of the propeller motion are shown in Fig. 2.
As shown in Fig. 3, the element of a blade be-
tween the radius » and »+dr has the translational
motion of — résin8(+) in the vertical direction to the
steady flow V under the torsional vibration. The
lift which is produced by this translational motion
hecomes the following equation,

dl = 1 7(07’[3(?’) sinf(r ){l + 260n) /’)}dr(if

+ worB(r) VIR Flu)sin 8(r) drd (5)

From Fig. 2 and Fig. 3, the force and moment
which are produced by the lift can be written as
follows:

dFy = dlLcos ()
dFy=dLsinf(r)cos¢
dF, = dLsinf(7)sing
dMy = — rdLsin ()
dMy = rdLcos(r)cos ¢
dM = rdLcosB(r)sing

where the sum of the number of blades Z on these
six components become

7 Z
2sing =0, nglcos;o = (7)

n=1
Namely, the sum of the hydrodynamic forces
whcih are produced by torsional vibration are only
the component of thrust dF, and the component of
torque dM, round the X-axis. The following
equations are derived from the equation of motion
of a wing.

My=— ]pw(];'“ Cﬂw((;
E‘C == 11ew (/‘5‘—‘ Clew(/)

Consequently, multiplying dM, by the number of
blades Z and integrating it with respect to 7, the
added polar moment of inertia of the propeller
under torsional vibration can be obtained as
follows,

2 [N nsinpif1+ 28 g,

(8)

Ipw=
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3. Experiment

The Experimental apparatus is shown in Fig. 4.
An explanation of this apparatus has been omitted
because the details have already been mentioned
in the previous paper.

Fig. 4. Photograph of experimental apparatus.

3-1 Model Propeller

For investigating the effects of pitch angle on
the added polar moment of inertia, a propeller
which can change only the pitch angle, such as a
controllable pitch propeller, is better than the
series model propellers which have various pitch
angles.

Model propeller.

Fig. 5.

Therefore, as shown in Fig.5, a propeller
which can change only pitch angle was produced.
The blade can be fixed on the boss using a nut to
change the pitch angle easily. A steel plate
(thickness of 3 mm) is used for the blade of the
propeller because the blade of a propeller is essen-
tially a flat blade, and also the effects of the
thickness of a blade and sectional form are negli-
gible under torsional vibration.2® The propeller’s
principal specifications are shown in Table 1.

Table 1. Principal specifications of the model
propeller

Number of blades 3
Diameter (cm) 37.7
Boss ratio 0.138
Exp. area ratio 0.323
Direction of turn Right
Mass (kg) 1.550
Aspect ratio 1.875

3:2 Experimental Method

The value of the added polar moment of inertia
of a propeller can be obtained from the difference
between the resonance frequencies of the tor-
sional vibration system in the air and in water.
The method of measurement for the accurate
resonance frequency of the torsional vibration
system is the same as that used in the first paper
of this study.

In this experiment, it is necessary to measure
the pitch angle accurately. The method of meas-
urement is shown in Fig.6. The pitch angle is
obtained from the difference between %, and Ay
because the chord length of a blade is constant,
The experimental range of the pitch angle is from
0° to 45° rising every 5°. The practical range of
the pitch angle for a controllable pitch propeller is
generally between —20° and +20°. However, to
find out the limit of the pitch angle for which the
theoretical equation can be used, the experiments

~were carried out using the range 0° to 45°,
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Fig. 6. Measurement of pitch angle.

4. Experimental Results and Discussion

4-1 Effects of the Pitch Angle
The results obtained by the experimental
method which was mentioned in section 3.3 are

shown in Fig.7. The value of the added polar
moment of inertia is represented by the percent-
age of the polar moment of inertia in the air. The
theoretical value of the added polar moment of
inertia is obtained from equation (9) and in the
numerical calculations, the part of a blade being
divided into 15 equal parts, is calculated using the
experimental results and the coefficients of the
propeller. As seen in Fig. 7, the more the pitch
angle increases, the more the experimental and
theoretical values of the added polar moment of
inertia increase. Namely, in the range between
the pitch angle 0° and 45°, the experimental value
becomes 1.4% to 33.6% and the theoretical value
becomes 0% to 97.3%. Though the value of the
added polar moment of inertia is theoretically 0%
when the pitch angle is 0°, it appears that the ex-
perimental value is about 1.4%. This, as shown
in Pig. 5, is due to the effect of the thickness of

110

100 b [0 Theoretical value without unsteady characteristic

® Experimental value

Added polar moment of inertia (%)

B Theoretical value with unsteady characteristic

O Moderate theoretical value by Jr

25 30 35 40 45

Pitch angle 9 (deg)

Fig. 7. Theoretical and experimental values of the added polar moment of inertia at each

pitch angle.
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the blade and the effect of the nuts which fix the
blade on the boss.

Next, comparing the theoretical value with the
experimental value, it is evident that the former
is always greater than the latter. Especially, the
difference increases rapidly after the pitch angle
reaches 15°, and when it exceeds 20°, the theore-
tical value becomes several times greater than the
experimental value. Consequently, it may be
concluded that the difference between the theore-
tical and experimental values increases with
elevated pitch angle. The rate of increase of the
added polar moment of inertia at each pitch angle
is shown in Fig. 8. As regards theoretical value,
as the pitch angle increases, so does the rate of
increase of the added polar moment of inertia.
Notably the rate of increase rises linearly up to
about pitch angle 30°, and when it exceeds 30°, it
decreases slightly, As-is clear from equation (9),
this is the reason why the added polar moment of
inertia is simply expressed by sinfi(r). In com-

parison with the theoretical value, the experi-
mental value has a tendency to increase slightly
up to pitch angle 25°. If it exceeds 25°, it shows
a decreasing tendency. It is clear from this
tendency that the two-dimensional oscillating
wing theory is the most adequate as a method to
evaluate accurately the effects of added water.
That is, as can be seen from equations (6) and (8),
the value of the added polar moment of inertia is
determined by the lift. If the pitch angle
increases, the lift increases, and the added polar
moment of inertia naturally increases. But in
practice, the lift of wing increases linearly to
about 20° and if it exceeds 20°, it decreases
rapidly. Though the effect of the property of the
lift is expressed in these results, it is not consi-
dered in the theoretical equation. Therefore, the
great difference between the theoretical value
and the experimental value appears when the
pitch angle exceeds 25°.
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Fig. 8. The rate of increase of the added polar moment
of inertia at each pitch angle.
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In order to confirm the reliabilty of these ex-
perimental results, both BURRILLE gand Takaira’s®
experimental results are shown in the same
Figure., In their experiment they made a tor-
sional vibration model using the series model
propellers. The added polar moment of -inertia
was obtained from the torsional frequency without
rotating the propellers. Consequently, their ex-
perimental method is different from our method.
Comparing the results of this study with Taxara’s
resuits, though it is insufficient to compare them
because of the narrow experimental range of the
pitch angle, it can be seen that their results have
nearly the same tendency as these results. But,
as BURRILL'S experimental errors are great, it
would be ineffective to compare his results with
those of this study. It can be concluded that the
results are influenced by the errors of each pro-
peller’s form because of using the series model
propellers.

4.2 Unsteady Characteristic

As shown in equation (1), the lift of the wing
under vibration in steady flow is the sum of the
lift without steady flow (first part of the equation)
and the unsteady lift due to the circulation pro-
duced by steady flow round a wing (second part,
which contains C(v)). Therefore, when there is
unsteady flow, the factor {1+2G(v)/v} is added to
the added polar moment of inertia [,,,. G(v)and v
are expressed as equation (2). As shown in Fig.9,
2G(w)W is always a negative value, so I, becomes

smaller than the value which is in steady flow. v’

is the dimensionless parameter which shows an
unsteady characteristic, and also is determined by
the chord length of a blade, frequency and velocity
of flow (rotational speed of a propeller).

Furthermore, equation (10) can be derived
from the relationship between the resonance
rotational speed of a propeller Q and the natural
frequency w in the torsional vibration of a marine
propulsion shaft.?

Q= {1

n ¢ the order of torsional vibration
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Fig. 9. Value of the unsteady characteristic.

where the valocity of flow WV{#) at the radial
position 7 can be expressed as
rQ
V(r) = 0SB (in
Rearranging equation (2) using equations (10) and
(11), the reduced frequency v, at the radial posi-
tion 7 is

- g;zcgfjégd (12

Therefore, in a state of resonance which is under
torsional vibration, the value of the unsteady
characteristic can be determined by the order of
torsional vibration #, the radial position of a pro-
peller # and the chord length of a blade B.

The calculation of the value of the unsteady
characteristic for this model is demonstrated
below. In this apparatus, the torque from a D.C.
servo-motor provides the propeller shaft with
rotational motion through the reduction gear (gear
ratio 1:4), and also becomes a timevarying force
of torsional vibration through the universal joint,
Namely, the torque changes eight times during
one rotation of a propeller shaft: # is equal to 8.
The results of this calculation are shown in Fig. 10,
From these results, it can be seen that the more
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the radial of a propeler » increases, the more
[2G(v)/v]increases. The black marks in the figure
indicate the values of the unsteady characteristic
of I, (equation (9)) at each pitch angle. Therefore,
the value of the unsteady characteristic 2G)v
can be represented by the value at the radial posi-
tion of a propeller 0.7R. 2G(v)/v of a propeller with
a constant pitch angle can be represented by the
value at the radial position 0.7R. We tried to find
out whether 2GW)/v of a propeller whose pitch

0.15

0.05 1

02R03RV4RVER06ROTROBROIR
Radial position of propeller

Fig. 10. Variation of the unsteady character-

istic Z—G-é)ﬁl with the radial position

for each pitch angle 4.
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Radial position of propeller

Fig. 11. Variation of the unsteady character-

26
v

istic with each radial position

of the propeller P1 and P2.

angle is radially changed, such as a fixed pitch
propeller, can be represented in the same way.
The propellers used in the first paper of this study
are used again as fixed propellers. The principal
specifications of these propellers are given in
Table 2. As a result of our investigations, as
shown in Fig. 11, it can be seen that 2G()/v of the
fixed pitch propeller is represented by the value at
the radial position 0.7R.

Table 2. Principal specifications of the
propeller P1 & P2

Propeller Pl P2
Number of blades 3 3
Diameter (cm) 32.8 33.0
Pitch ratio 0.979 0.948
Boss ratio 0.123 0.139
Exp. area ratio 0.343 0.517
Direction of turn Right Right
Mass (kg) 1.404 2.699
Aspect ratio 2.781 1.846

4.3 The Coefficient of the Three-dimensional
Correction

The value of the added polar moment of inertia
obtained from the two-dimensional oscillating
wing theory is calculated to be greater than the ex-
perimental value. Especially a three-dimensional
correction is necessary for the theoretical value
because the difference between the theoretical
and experimental values increases with elevated
pitch angle. The coefficient of the three-dimen-
sional correction Jp obtained from the lift line
theory, as mentioned in the previous paper, is used
as a three-dimensional correction. The relation-
ship between J and pitch angle is shown in Fig.12.
Kumars? coefficient of the three-dimensional
correction obtained from the potential theory is
shown at the same time. Kumal's coefficient is
obtained using his table and the aspect ratio
which is given by projecting the propeller used in
this experiment on a plane at each pitch angle.
Jyis almost equal to Kumar's value. These values
have a tendency to increase slightly with elevated
pitch angle.
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Fig. 12. Variation of the coefficient of the
three~dimensional correction J, with
pitch angle.

As the two-dimensional theoretical value is
always greater than the experimental value, it is
corrected by the coefficient of the three-dimen-
sional correction J, The curve which is shown
with O in Fig. 7 is the theoretical value corrected
by Jr Though the theoretical value which is
corrected by Jr becomes almost equal to the ex-
perimental value up to about pitch angle 25°,
when the pitch angle exceeds approximately 25°,
the difference between these becomes gradually
greater, so the validity as a theoretical equation
disappears. However the operational range of
the pitch angle for the controllable pitch propeller
is about —20° to +20°. Therefore, the corrected

theory using the coefficient of the three-dimen-

sional correction is very effective for the control-
lable pitch propeller.

5. Concluding Remarks

The experimental investigation was carried out
using a controllable pitch propeller to evaluate the
effects of pitch angle on the added polar moment

of inertia. As a result, the following can be under-
stood:

1. The experimental value of the added polar
moment of inertia rises from 0% to 32.3% as the
pitch angle increases from 0° to 45°. Therefore,
it is necessary to consider the effects of pitch
angle when designing a propeller shaft on which a
controllable pitch propeller is mounted.

. 2. In the practical range of pitch angle for a

controllable pitch propeller, the theoretical value
corrected by the coefficient of the three-dimen-
sional correction /4 is almost equal to the experi-
mental value, so it is very effective for the design
of a controllable pitch propeller shaft system.

3. In a state of resonance which is under
torsional vibration, the value of the unsteady
characteristic can be determined by the order of
the torsional vibration, the radial position of the
propeller and the chord length of a blade.

4. The value of the unsteady characteristic
can be represented by the value at the radial
position of a propeller 0.7R.
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