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A Note on M-Saturations 1

Kazuo SHIGENAGA＊

Abstract

  The pulpose of this note is two-fold.  First we define， for a fixed moduleルf， the〃。saturation o｛a

left Gabriel topology and investigate the relatjon between localizations determined by the topology and

jts M-saturation.  As a consequent we give a generalization of a result due to Popescu and Spircu (5) . 

Secondly， in a commutative ring R， we study the relation between the saturation of a given multiplica-

tive system and the R-satu;ation of the topology corresponding to the original system. 

g 1.  lntroduction

  First， as preliminaries， we define the radical kQ for a given module e.  Using this we look at the

notion of M-density again. 

 In the second p］ace， we define the M-saturation of a left Gabriel topology and point out the relation

between localizations determined by the Iopology and itsル1-saturation. 

  Finally， jn a commutative ring R we study the relation between the saturation of a multiplicative

system and the R-saturation in our sense of the topology corresponding to the original system.  We

provide an exampie which shows that the former need not imply the latter. 

                                    g2.  Preliminaries

  Let R be a ring with identity.  By R-mod we denote the category of unital left R-modules. 

  For a left R-module e， let us define

                         kQ(M) 一 n｛Ker(f)lfE HomR(M， e)｝

for each R-moduleルf・Then kQ js a radical of R-mod suchオhat kQ(e)＝0.  Moreover jt is a unlque

maximal one of those preradicals r of R-mod for which r(Q)＝O， and kE(Q) is a unique maxima！

one of those left exact preradicals r of R-mod for which r(e) ＝O.  The torsion class T(kE(e)) of kF. (Q)

is just the class｛RM I HomR(ルt・E(ρ))ニ0｝・while the torsion・free class F(kE(O)) of kE(e)consists

of all left R-modules which can be embedded in a direct product of copies of E(e). 

  For a left R-moduleルf・we call a left ideal K of R〃一dense， following Shock〔6〕，if」Km≠Ofor

all O-m E E(M).  lt js easy to see that K is M-dense if and only if HomR(RIK， E(M))＝O， or

equivalently， R/K∈T(kE(M)).  Hence the set｛K⊂却R l K isル1-dense｝is nothing but the left GabTiel

topology corresponding to kE・(nf). 

 For a. 11 undefined notiGns about torsめn theories we refer to Stenstr6m〔8〕. 

                           g3.  M-saturated Gabriel topologies

  Throughout this section we fix a left R-module M.  For a submodule M' of M， we denote by L］f.  the

left Gabriel topology consist」ng of all M/M'一dense left ideals of R， j.  e. ， LM・ ＝ L(kE(Mf］f・))， where，

for a left exact preradical t of R-mod， L(t) means the left linear topology corresponding to t. 
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  kE(Af)is・a unique maximaI one of those left exact preradicals r of R-mod for which r(〃)＝0. .  So we

obtain                    ・  . .  '.  '  ''1，，. 9

  Proposition 1.  Let'be a left exact preradical o∫R-mod.  The〃'(〃)＝Oif and onり'''〆. L(')⊂L(kE(M)). 

  From this prqpositlon we have the following Spulbef's results. 

  Corollary'2 . (〔7， Propbsition 3. 6〕). For a〃アle ft exact radieat'o！R一〃iod we have L(t)⊂L‘(の. 

  Proof.  Since 1(ル1/t(M))＝0， Proposition l says that」L(t)⊂」乙(kE(κ/‘(M))＝、乙‘(M). 

  Corollary 3(〔7， Proposition 5. 7〕). For a nonsingular module M each essential left ideal of R

is ルf」dense.     「 ・      一    ' ・       『             1    覧

  Proof 6・For the left exact preradical Z， the corresponding'1eft」inearセopology L(Z)is｛κ⊂RR lκi. s

essential jn R｝. .  So if K is essentlal in R， then、K∈1乙(kE(］f))by Proposition 1.  Thus K isル1Ldense. '

 ■)efinition(〔7〕).  A left Gabriel topo16gy、乙on R js ル1」saturated if for'any left Gabriel topologY

L'such that'(M)＝〆(M)， L'⊂乙holdS，・where'，〆are・. 1eft exact radicals of R-mod corresponding to

L， L！respectivelyL                         . 

  Spulber gjves-the一， following characterization of this concept. 

. ，. . 丁血・脚蘇〔7・Th・・r・m 4・1〕). ・Fg・ a lef' eKac' 'adical‘ of・R'鳳the follo吻9 sta'e(ne'''s a「e

equiツale〃':

    (a)ム(')'・ルlr・at・r・'ed・，               . 
                             の                                                        じ

    (b) L(')・＝L‘(M).              .  、  . 

  Proof. (a)＝⇒(b).  Take any x∈kE(M/t(M))(M). . Fgr the canonical R-homomorphiSmπfromルt

・・M/綱・. 、W吻・e幽π(・)一・・S・・∈'(剛堅・・ce・kE・欄・・(M)⊂・(Z・の・…h・. ・・h・r h・・d・

a6cording t6 Corollary 2，乙(')⊂Lt(M)，」.  e. ，'≦kE(M/‘(nl)).  Hence we have kE(M/‘(M))(M)＝. '(ルの. 

Since L‘(M)⊂五(ご)by重he defin而on of M-saturatedness， we see that L‘(M)＝L(の. 

  (b)＝⇒(a). Latム'be a left Gabriel topology with left exact radica1〆such that'(M)＝〆(〃). 

Coro】1ary 2 implies that L'⊂乙〆(M)＝Lt(M)＝L(t)'. 』ThiS meam that L(∫)isル1-saturated. 

  Corollary 5. . For a leノンGabr'el topologソ・Lwith le］ft exact radic' al'〃llere exists a uniqκ2 M-sa'〃rated

left Gabrゴe1 topology L'w'酌left exact rad'co'〆such that L⊂L'and t(M)＝〆(M). 

  Proof.  We put L'＝L‘磁. By CoroUary 2， we hlave L⊂L'and by the proof of Thorem 4 L'is M-

satu. τated and'(M)＝. ''(M)folds. ・To prove the uniqu¢ness， we assume tbat L''is anル2・saturated left

Gabrie1. 10pology with left exact radical'''such that L⊂Lクand t(M)＝〆(〃).  Since乙'jsルfLsaturated

with〆(M＞＝. 〆〆(M)， the11. Lク⊂L'and since L''is 、M」saturated with''(M)＝〆(M)，then」乙'⊂L''. 

Hence. we.  conclude that L'＝L''.  .      「・  、                   ド

  Definition.  We calhheルf-Satura垂ed left Gabrlel topology L'jn Corollary 5 the. ハ4・saturalion of'L. ・

 一Proposition 6.  」乙et Z'beαle/7(;abriel'opologッwith leノ｝exact radica''and 1！its M-satura'ion.  1''hen

'〈〃)一〇if・ a〃d onl」，'/〃＝｛K⊂RR 1κ isル1-dense＞. ・ . 臼       .   ・.  '

 . Proof.  If'(. ルの＝0， then∠！＝Lt(・M)±」乙(kE(M)). .  Conversely if五'・＝一乙(kE(M))， then'(M)＝〆(M)＝

ke(一v)(ルの＝0. 

  For example if L⊂｛κ⊂RR i K is・ル匹dense｝， then t(ル1. )⊂kE(紛(M)＝0. ・So｛κ⊂RR i K isルt-dense｝is

just theルt-saturation of五. ・  「                 r
  Theorem 7.  Let乙be a le. fr Gab'ゼ4 topologアwith lefr exact radical'and L'''5ル1-saturatio〃.  The〃tke

m・d〃'・吻〃・tient・ ・IVL'・f M・with respect'・ム'・・nt・i・・ 1・4L・. 伽'1・∫μ・'伽・・pe・t tρL・and M・＝

｛x∈ルtL'1((M/'(. ルt)):x)∈L｝holds. 

  Pr60f.  It is well known that the. module of quotients-ML of M with respect to乙ls expre5sed as

ルfL＝｛x∈E(M，！'(M))1. ((M/'(ル1)):x)∈L｝.  Let. 〆be the left exact radical corresponding to L'.  Since
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t(M)＝t'(M) and L C L'， we can see that ML C ML.  and ML＝｛x E Mr 1 ((M/t(M)):x)EL｝. 

  Corollary 8 ( 〔5・ PP.  44-45〕) .  ・乙θ'・乙be a left Gabriel topologア with left exact radical t and、乙ノ

it・ R一・・'〃励・〃・Th・n・RL'i・'・・m・'卿'・'乃・・i・ubl・・C・mm〃'・'・r R''・ズE(R/t(R))・nd・R。'・'・・m。碑。

to ｛fE R'' 1 ((R/t(R)) : . f) E L｝. 

  Corollary 9.  Let L be a left Gabriel topology with left exact radical t and L' its A4-saturation.  lf t(R)

＝R・伽'ゐ・m・d・le・ノqu・ti・nts読・f M瞬乃・岬・・'、'ρム・・'〃・ide・W''h物，伽'・∫Mw''乃

resρeet'o乙'. 

  Proof.  By Corollary 2 and Theorem 4， we see that L'＝＝Lt(M) and L c L'.  Since R is torsion， L

consists of an left ideals of R.  Therefore we have L＝L'and〃L＝・ルfL'・

                            S 4.  Saturations of multiplicative systems

   Throughout this section we assume that R is commutative
                                                     . 

   Definition.  A subset S of R is called a multiplicative system in R if

    (1) a， bE S＝ ab E S， and

    (2) OGS. 

  Proposition 10.  lf S is a multiplicative system in R， then L ＝ ｛KCRR I K n S＃ ¢｝ is a left Gabriel

topology. 

  Proof.  Clear. 

  Definition ( (4) ) .  For a multiplicative system S jn R， the set S＝ ｛xE R］ xy E S for some y E R｝

is the saturation of S. 

   Definition ( (1) ) .  A multiplicative system S jn R is said to be saturated if ab E S， then a E

S and b E S. 

  L・mm・11・Th…'〃励・3・∫・四阿''c・ti・e・ア・'・配∫'… ma〃e・t・・tur・'ed'・吻1'伽・、)，。，em

containing S. 

  Proof.  Obviously g is a multiplicative system containing S.  We shall point out that S is saturated. 

We assume that either a (E S or b (II S.  lf a G S'， then by definition ax CE S for all x E R.  So we

have (ab)c ＝a(bc) C S for all c E R and thus ab E S.  Next let S' be a saturated multjplicative syst-

em containing S.  For any a E S， there exists b E R such that ab E S c S'.  Since S' is saturated， a

is in S'.  This implies that S C S'.  Therefore， S is a smallest saturated multjplicative system containing

s
.
 

Proposition 12.  Let S be a multiplicative system in R.  /f S is contained in the ''et T of all regular

elements of R， then

    (1)the sat〃雇・n S・！∫'5・1∫・c・〃'・'〃θゴゴn 7，・〃d

    (2)a'1ア'伽1κoゾRwi'h 1(∩∫≠φis R-de''se. 

P「o・f・(1)Th・・et 1コ・a・at・・at・d m・1tipli・ative・ン・t・m・・nt・1・i・g 3.  S・th・p，。。f。f(1)f。11。w、

from Lemm4 11. 

(2) Take s in K n S.  For any nonzero element x in E(R) we have a non7ero element ax in Rx n R

for some a in R.  Since ax ＝＃ O and s is regular， O ＃ s(ax) ＝＝(sa)x (:i Kx.  So K is R-dense

Using this Proposition we see that the Gabriel topology L＝｛K C R I K n S f ¢｝ cqrresponding to S

is contained in ｛K ］ K is an Rdense ideal｝ and by Proposition 6 the R-saturation L' of L is precisely

the set ｛K［K is an R-dense ideal｝. 

C・mll・・y 13・F…ad・襯'〃R， an id・al・k・f R・i・・R一伽・・ゲ・〃ゴ。伽！κ≠0. 

  Proof.  Clear. 
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P・・P。・iti・n. P4. ・L・t・・3伽脚1ガρ伽ti…ア・'・履〃R・・d'S i'・sat・・ati・・.  Th・…・ω・'・1'∂P・1・9ア

L'壬｛κ⊂RIκ∩5≠φ｝で・〃・・ρ・〃ゴ'〃9『'・51C伽・'des・Wご8励・σ・厩1'・ρδ1・9π一｛κ⊂RIK∩S≠φ｝

eorreSPO〃4加9'O l∫. :' 1…      -      覧
  Proof. 正et K be an ideal in:Z＝， and take a nonzero elementαinκ∩∫.  We can finedわ∈ R lsugh

t魚tab∈5. 十he element oわis jnκand璽h餉。6 K h 3≠φ.  Thus v『e have Z⊂L. 

 . Frome『how bnダw6 as§Ume'thatこR i3 a・commuIalive Noetherian ring.  In this case・acc6rding to

St，n、t，δm〔8〕，f・・eve・y G・b・i・l t・P・1・gyムth・・e j・a・ub・et P・fSpec(R)…hth・t五一｛κ1. γ(K)

∩P＝φ｝lwhere 7(K)＝｛ρ∈Spec(R) l K⊂ρ｝. 

Th，。，em 15.  L，， S b。 a m''lt'ip''、。'ξ，・'・S・e・i in R・''4百''…加伽. 肋伽・'吻L. and・Z'乃・

、b，，e、p。ndi。g・G。b，i。1・t・P。1・8'ω…ゐ…. 肋卿・・∬th・・R…1〃・副・〃L'・μ・・L'一｛κIV(K)∩P＝φ｝

for s・〃le P⊂Spec(R).  Then・』

                                                    じ    サ         ロ  (1)5'＝R-UPis a saturated・m〃ゆ1'cat've sア訂餉co脚lnlng S・

(2)助，σ。鰯仰。1。gy乙'・一｛κ⊂Rlめ∫'≠φ｝ω〃・・ρ・漁9'・S''・ω繍・di・L'・

(3)lf the fo〃・wi・9ω〃4'・'・n(・)'…岬・d，'伽L'⊂L''・・d伽躍伽・ゐ'一L''・

   (＊)1アK⊂up，'he'1」K⊂ρfbr 30〃leρ∈P・

  Rem3rk.  If P is fini！e， then the condition(＊)is satisfled as is well-known・

P，。。f. (1)W，。nly、h。w th・tS⊂5'. . t6t・be any・1・m・・tin否.  If・」・1・Up・th・nth・・ei・a

P，lm， ideal P ih P・u・h th・t・∈ρ・・d・・ρ∩否≠φ.  Thi・imp】i・・th・tρ∈Z-L⊂L'and V(p)∩ぞ＝φ・

But this is a contradiclion.  Thus s〔葺UP. 

(2)L，tkb，an」d，al。fR・u・h th・tκ∩∫'≠φ.  Th・・e i・a・・1・脚t・i・K∩∫'・Since eve「y

ldeaI・伊(K). …t・i…and・・y・id・a1・f P d・・e n・t・・噸…. 7(K)∩P一φ・Th・・w・hav・K∈・L'・

  (3)L，t K・b，・、n。，bi↑，a，y，】・m・nt i・L'.  Th・n 7(K)∩P一φ.  C・n・eq…tly ifρj・i・P・th・nρi・

耳・・. i・V(K！・ゆ・nce K i・・・…P・・i・・d inρ・、By・h。・・ndlti・n(・)・Ki・n・t contained inり. P・

Tti，，ef。，e，，h，，e exi、，、 an，1，m，n・。i・K・u・h lh・t・ eUp.  th…∈κ∩5'， whi・h・h・w・th邸∈Lク・

恥mp1ρ16. ↓・・Rb・・h・・i・g・f i…gers.  Th…b・e・5一｛1｝・f R i・am・1・lpli・ati・e・yrtem and

itS・S・t・・atl・p S i・th・・et｛1，一1｝.  Th・、 G・b・i・l t・P・1・gies L and Z・…e・p・ndi・g t・S and，S・・incide

、。d、r。' Equalt・｛R｝.  Th・R・sat・・ati・・4'・fムi・・fthef・・m｛KiKi・an. R-d…eid・a1｝一｛KIK≠0｝

q・di・al…Kp・essed・by Fp一｛KIV(K)∩P一φ｝f・r s・m・P，早・Weve・w・・a・¢1・im'th・t P＝｛0｝・

F・・. if the・e・xi・書・(ρ)≠Oi・P， th・n(ρ)i・i・、L'， H・P・e w・havr 7((ρ))∩P一φ・a・'c・pt・adi・ゆ・. As

l。The。・em 15， we make the multlPlicatlve system 3'， i.  e. ，5'＝R-Up-R一(0)・    ∴

S・・ely 5呈薩∫'， b・・Pi・fi・i・e a・d・・P'一五''by Thr・・em. 15(・)・wh・ψis the Gab「iel topology

corresponding to S'. 

  After all we can conclude that the Gabriel topology'c'orresponding' to the saturation of a multiplicative

system need not coincide in general with our R-saturation of the Gabriel topology corrgspbnding to the

original multiplicative system.  ' ・

Acknowledgement

The author js ' №窒≠狽??浮?to Professor Y.  Kurata for careful guidances and adovices. 

ReferehCes

1) M.  F.  Atiyah and L.  G.  Macdonald:lntroduction to Commutative， Algebra， Addisoh-Wesley，

 1969. 

Res.  Rep.  of Ube Tech.  Coll. ; No.  24， March， 1978



                            ANote on M-Saturations I 5

2) P.  Gabriel: Des cat6gories abeliennes， Bull.  Soc.  Math.  France 90 (1962)， 323-448. 

3) Y.  Kurata and H.  Katayama:On a generalization of QF-3' rings， Osaka J.  Math.  13 (1976)，

 407-418. 

4) M.  D.  Larsen and P.  J.  McCarthy: Multiplicative Theory of ldeals， Academic Press， 1 ew York
                                                                ，

 and London， 1971. 

5) N.  Popescu and T.  Spircu: Quelques observations sur les 6pimorphismes plats (b gauche) d'

 anneaux， J.  Algebra 16 (1970) ， 40-59

6) R.  C.  Shock:Injectivity， Annihilators and orders， J.  Algebra 19 (1971) ，'96-103. 

7) D.  Spulber:Ori localizing system of M-dense left ideals， Bull.  Math.  Soc.  Sci Math.  R.  S. 

Roumanie， 18 (66) (1974) ， 203-206. 

8) B.  StenstrOm : Rings of Quotients， Springer Verlag， Berlin Heidelberg New York， 1975. 

                                                 (昭和52年9月2日受理)

宇部工業高等専門学校研究報告 第24. 弓'昭和53年3月


